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The theory of diffusion-controlled processes is applied to describe the steady state of a reversible enzymatic reaction with 
special emphasis on the effects of enzyme saturation. A standard macroscopic steady-state treatment requires only that the 
average diffusional influx of substrate equals the net reaction flux as well as the average diffusional efnux of product. In 
contrast, the microscopic diffnsion-reaction coupling used here takes properly into account the conditional concentration 
distributions of substrate and product: Only when the enzyme is unoccupied will there be a diffusional association flux; when 
the enzyme is occupied. the concentration distributions will relax towards their homogeneous bulk values. In this way the 
relaxation effects of the non-steady state will be constantly reoccurring as the enzyme shifts between unoccupied and occupied 
states Thus, one is forced to describe the steady state as the weighted sum of properly time-averaged non-sta:ionary 
conditional distributions. The consequences of the theory for an appropriate assessment of the parameters ohrained in 
Lineweaver-Burk plots are discussed. In general, our results serve to justify the simpler macroscopic coupling scheme. 
However, considerable deviations between the standard treatment and our analysi s can occur for fast enzymes with an 
essentially irreversible product release. 

1. Introduction 

In any enzymatic process, the diffusion of the 
reactants to and from the enzyme must play an 
integral part. It has been argued that the extent of 
diffusion control for a reaction can be used as a 
measure of the evolutionary perfection of the en- 
zyme involved [I]. However, in spite of its impor- 
tance, a strict treatment of the microscopic cou- 
plings between the diffusion of reactants and the 
reaction appears to be lacking even for simple 
steady-state enzyme processes. It is our aim in this 
communication to fill this void with the aid of the 
theory of (partially) diffusion-controlled associa- 
tion [2] and its consequences for the corresponding 
dissociation reaction [3]. 

Most commonly, it is implicitly assumed that 
the rate constants for substrate and product as- 
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sociation in a reaction scheme can simply be iden- 
tified with the corresponding estimates from the 
theory of diffusion-controlled reactions. Since such 
estimates are based on stationary diffusion fluxes 
coupled to independent irreversible reactions, they 
are not directly applicable to the steady-state de- 
scription of an enzyme reaction where substrate 
and product formations are intimately coupled. 
The physical characteristics of the enzyme as an 
absorbing sink - and thereby the boundary condi- 
tions for the diffusion fluxes - are ever-changing 
as the enzyme shifts between the occupied and 
unoccupied states. The traditional macroscopic 
treatment implies an instantaneous setting up of 
the steady-state diffusion fluxes when the enzyme 
becomes unoccupied as well as an instantaneous 
relaxation to homogeneous (bulk) concentration 
distributions when the enzyme is occupied_ The 



microscopic coupling. on the other hand. will take 
into account also how the diffusion fluxes change 
Lvhen the enzyme changes its state. Effects which 
in an irreversible association (or dissociation) reac- 
tion only are transient will be continuously reoc- 
curring for each substrate-to-product cycle of the 
enzyme: each time a substrate (or product) associ- 
ates the concentration distributions of all other 
molecules will relax towards their bulk values, and 
each time a substrate (or product) dissociates the 
distributions will again approach those that corre- 
spond to a steady-state influx. 

Furthermore, the theory of diffusion-controlled 
processes implies that a macroscopic dissociation 
is preceded by a large number of very short-lived 
microscopic dissociations. each of which just re- 
turn to the bound state. The microscopic coupling 
will take into account also the possibility that the 
association reaction of one kind of molecu!e (e.g.. 
substrate) can interfere with these microscopic dis- 
sociations of another (e-g_ product) by blocking 
reassociation and thereby increasing its effective 
dissociation rate from the enzyme. Thus. a proper 
microscopic flux ba!ancing over all the steps from 
substrate diffusion via the reaction steps to prod- 
uct diffusion requires the usage of conditional 
distributions of substrate and product. conditional 
on the state of the enzyme being occupird or not. 
Although the ensemble average over these condi- 
tional distrfbutions must be a steady-state distri- 
bution_ they are not by themselves steady-state 
solutions of the diffusion equation 

Thus. it is important to account in detail for the 
time evolutior. of the conditional substrate and 
product distributions around the enzymes and take 
rigorous ensemble or time averages to derive the 
steady-state distributions. To make the problem 
tractable we shall confine the calculations to a 
simple two-step isomerization process 

where E, denotes the bound state of the enzyme 
with a substrate (product) molecule complexed 
\\ith it. 

In section 2 below we shall briefly review the 
steady--state properties of the macroscopic reac- 

tion. scheme 1. as well as the relevant parts of the 
theory of diffusior-controlled processes. In section 
3 the microscopic diffusion coupling is introduced, 
explicitly taking into account the conditional dis- 
tributions of substrate and product. These distri- 
butions and their influence on the overall steady- 
state flux are calculated, first in section 4 for a 
totally irreversible case (k_ , = k_2 = 0). To give a 
correct description of the reversible steady state, 
section 5 starts with a development of the for- 
malism for the equilibrium state of a reversible 
partially diffusion-controlled process which is sub- 
sequentI!! applied to the steady state of the reversi- 
ble reaction scheme 1. In general, our results serve 
to justify a simple macroscopic diffusion coupling 
in accordance with the traditional approach: the 
differences are small under most circumstarces of 
physical interest. However, effects of the explicit 
diffusion coupling may become pronounced for 
enzymes which are fast - i.e., with high turnover 
number - and also characterized by an essentially 
irreversible product release. Deviations from the 
simple macroscopic coupling scheme are limited 
by the ratio of the diffusional relaxation tirne to 
the occupation time of substrate (product) on the 
enzyme. Tn general, this ratio is small because the 
diffusional relaxation time (approx. R’/D where 
R is the effective collision radius and D tne rela- 
tive diffusion constant) is a small quantity eve;1 for 
macromolecular objects. and the occupation time 
is related to the turnover time which is re!atively 
large for most enzymes. As discussed in section 6, 
the prediction of a small effect from the proper 
microscopic diffusion coupling can be extended 
also to more complex reaction schemes involving 
several substrates and/or products. Thus. in most 

cases there is no need to go beyond an appropriate 
identification of the rate constants in the macro- 
scopic reaction scheme with estimates from the 
theory of diffusion-controlled processes. This _-on- 
elusion. howe-.-;:, is in sharp contrast to the re.iults 
of some recent theoretical works [4,5]. In these 
treatments of diffusion coupling for reversible en- 
zymatic reactions in the steady state, the bound 
states of the enzyme have been neglected and the 
law of mass action is assumed to hold locall:/ on 
the enzyme surface. 



2. Macroscopic diffusion coupling 

Under the usual assumptions - i.e., fixed bulk 
concentrations S, and P, of substrate and product 
and a large excess of substrate over enzyme - the 
steady-state substrate-to-product flux per enzyme 
from rhe macroscopic reaction (scheme 1) is (e.g., 
ref. 6) 

(2) 

This expression is based on the balancing of the 
overall substrate flux from the usual chemical 
kinetic equation 

j,,, = k,S,( I - 8)-k_ ,e 

and the overall product flux 

jmlc=kze-k_2~o(~-e~ 

where 

is the probability that the enzyme is occupied. 
The diffusion effects can be introduced [7] by 

identification of the association rate constants k, 
and k_, with those given by the theory of (par- 
tially) diffusion-controlled reactions [2] 

k,= 
4rD,R, 45rDR 

1 +~ITD,R,/X-, = 1 +4d’R/ks 

4rD,R, 

k-2= 1+4nD,R,,/k, = 

4;?DR 
1+4aDR/k, 

(3) 

(4) 

where R, and R, are the reaction radii. D, and D, 
!he relative diffusion constants. and k, 2nd k, the 
surface reactivities for the substrate-enzyme and 
product-enzyme association, respectively. For sim- 
plicity, we shall zssume R, = R, = R and Ds = D, 
= D throughout the following_ Then the dif- 
ferences between the substrate and product associ- 
ation appear only in the surface reactivities k, and 
X-,. When these are very large. k,, k, x=- 4rDR. 
the usual Smoluchowski limits for the association 
rates of an ideal sink are recovered. Similarly. one 
finds [3] that the corresponding dissociation rate 
constants can be expressed as 

(5) 

where A, and X, are microscopic dissociation rate 
constants related to the surface reactivities k, and 
k, through the equilibrium binding constants KS 
and K, 

K, = k,/h, = k,/k_, (7) 

K, = x-,/X, = k_,/k, (8) 

In the scheme considered. KS/K, = k,k,/k_ ,/L-_~ 
is also the equilibrium constant for the substrate- 
to-product conversion. 

Thus. a macroscopic diffusion coupling would 
consist of using the rate constants, eqs. 3-6, in the 
expression. eq. 2, for the overall steady-state flux. 
and the nature of the molecular interactions would 
enter through the microscopic rate constants X-,, 
k,. A, and A,. However, the macroscopic rate 
constants (eqs. 3-6) are calculated from steady- 
state solutions for irreversible association and dis- 
sociation reactions, respectively. Thus, they de- 
scribe the fluxes between the surface oi the en- 
zyme and the buck solution a long distance away 
from the enzyme without interference by the reac- 
tion and without regard to transient inhomogenei- 
ties in the distribution of molecules around the 
enzyme. 

The surface reactivity k (k, or k,) is given by 
the boundary condition for the diffusion equation 
at the enzyme surface (of eq. 10 below). Recently. 
Razi-Naqvi et al. [8] discussed the relation be- 
tween this parameter and the underlying micro- 
scopic diffusion characteristics like the mean free 
path. roe:-mean-square displacement and reaction 
probability per microscopic encounter. Since these 
parameters are largely inaccessible. the main con- 
clusion to be dra:.vn is that the surface reactivity 
well serves the purpose of a molecular characteris- 
tic which is independent of the concentrations: i.e.. 
in this case it is independent of how far the 
enzymatic reaction is driven from equilibrium. 
Furthermore, the factor (1 + 4rDR/k)-’ can be 
interpreted as the reaction probability per macro- 
scopic encounter. More specifically. this factor 
expresses the probability that a molecule which 
has reached the enzyme surface will bind eventu- 
ally - after an indeterminate number of micro- 
scopic collisions. The limit ii z=+ 4rDR (or A-, = 
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4rDR) consequently serves as a practical defini- 
tion of diffusion control. 

This interpretation of diffusion control also im- 
plies that a macroscopic dissociation (given by k_ 1 
or k,) is preceded by a large number of very 
short-lived microscopic dissociations (given by h, 
or X,) which just return to the bound state. Thus, 
when the coupled reaction is considered, the as- 
sociation reaction of one kind of molecule (e.g., 
the substrate) can interfere with the microscopic 
dissociations of the other (product) and in effect 
‘catch’ the transient dissociation by blocking reas- 
sociation. 

Z-1. Diffusion flux 

In section 3 below we shall investigate the valid- 
ity of the identifications. eqs. 3-6, for the flux, eq. 
2. For later use, let us first briefly review their 
derivation in a pure association process [2.3]. Con- 
sider a single spherical molecule (the enzyme) with 
an absorbing surface, reaction radius R. The dis- 
tribution c(r.2: of particles (substrate or product) 
at distance r from the center of the enzyme obeys 
the diffusion equation 

with the boundary condition at the enzyme surface 

, ac kc- = 4s;DR-z : c = R (10) 

Here. D is the relative diffusion coefficient and k 
the surface reactivity (k = k, for substrate and 
k = L:,, for product) which takes care of the case 
whan not every diffusional encounter will lead to 
binding; in the limit k + cc the ideal absorbing 
boundary condition c(R,f) = 0 for the Smoluchow- 
ski limit is recovered. If the distribution is homo- 
geneous at time t = 0 

c( r.0) = ‘ . . 

one finds the distribution at later times 

c( r.r) = C” - 
4&k:kr,R { =fc[ fj$] 

[ 

r--R , ++_(or+ \ E erfc - 
C4DI)I 1 = H I 

(12) 

where we have defined 

k, E 45rDR 
1+ 4rDR /k 

(13) 

(Actually, c(r,r) is the conditional distribution at 
time t given that no association has taken place 
before this time.) The flux ov.?r the absorbing 
surface is from eq. 10 

(14) 

For times such that ( R2,hDt$ -=K 1 + 4wDR/k, 
the transient part contributes very little and the 
flux is constant 

@( f ) = k,c, (19 

and k, from eq. 13 is the effective (macroscopic) 
association rate constant. In the case when the 
enzyme can only bind one particle, there will be a 
saturation factor and the real association flux per 
enzyme is 

f(r)=@(r)exp -I-#‘(r*)dt’ 
[ 1 (16) 

Thus. the mean time of association is 

is j-==rI(t)dr=j=exp[ -@(,‘)drjdr 
0 

z- k:cc,[ I-(,)~-e*p(=‘)rrfc(;)] (17) 

where the approximation is the same as in eq. 14 
and 

As long as z -=x 1. the mean time of association 7 
does not differ from that expected from the 
steady-state approximation. eq. 15. Thus, the as- 
sociation during the transient is negligible when 
L -=z 1. In the diffusion-controlled case, k B 4vrDR 
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and k, = 49&R, this transfates to 

(47JBQ0)f -Z 1 (1% 

a condition wkiich will be satisfied except at the 
very highest concentrations. 

3. Microscopic diffusion coupling 

3. I. Tk coFldilioFla~ dislributioFw 

In the steady state there will be inhomogeneous 
distributions of substrate and product molecules 
around the enzymes. The distributions that belong 
to the average steady-state fluxj are 

S(r) = So - j/45iDr (19) 

i;(r) = P, + j/4TDr (201 

Obviously, these distributions are ensemble aver- 
ages over ail enzyme molecules. In the simple 
reaction scheme. .:?q_ I, the enzymes have two 
states, occupied E, and unoccupied E. Assume 
that the occupied state occurs with the probability 
8. Then by the general rules of probability theory. 
the average distributions. eqs. lit and 20, can be 
subdivided 

S(r)=S,(,)(l-o)+%,(r)6 (21) 
j_(.)=P,(r)(l-e)+~,(r)B (22) 

where s,(r) [F&r)] is the conditiona distribution 
of substrate [producrJ given that the enzyme is 
unoccupied, and S,(r) [pi(r)J the conditionaf dis- 
tribution given that the enzyme is occupiecl. Of 
course, these conditional. distributions are also 

averages over all occupied or tlnoccupied enzymes. 
respectively. This subdivision is extremely im- 
portant. since the boundary conditions at the en- 
zyme surface are strongly dependent on whcrher 
or nor the enzyme is occupied. 

Purthermore, the fluxes have to be balanced at 
the elementary reaction steps: 

j=k,S,(R)(I-e8)-L$ (23) 

j-X,6-k&(R)(I-6) (24) 

These relations have the same structure required 
from probability theory as eqs. 21 and 22; the 

average Forward flux of the first step is the weighted 
sum of the conditional forward flux, k&<R), 
given that the enzyme is unoccupied - probability 
(I - 8) - and the conditional forward flux, --Xs, 
given that the enzyme is occupied, and similarly 
for the second step. When the microscopic rate 
constants k,. &t,, A, and X, are replaced by their 
corresponding macroscopic ones through eqs. 3-6, 
eqs. 19-24 can be rearranged to give for the flux 
i =jrnic 

G5) 

Consequently. the macroscopic rate constants k,, 
k_ ,, k,, k_, - although defined for purr? associa- 
tion or dissociation - turn up as useful phenome- 
nological rare constants for the steady-state re- 
versible enzyme reaction as well. However. eq. 25 
gives the same flux as the macroscopic coupling of 
eq. 2 only when pI( R) = P, and S,(R) = S,, i.e.. 
when the average surface concentrations around 
the occupied enzyme are ectual to the bulk con- 
centrations; a requirement which can be strictly 
fulfilled only at equilibrium when there is no net 
flux. Consequently, we can expect the microscopic 
diffusion coupling to introduce deviations if the 
enzyme is fast and product release essentially irre- 
versible. Under such conditions the surface con- 
centration, which is very low at the moment of 
association, will not have time to relax to its bulk 
value during the processing time. We shall try to 
qr.antify this effect in the following sections. 

Without the saturation effect, the coupling 
becomes much simpler since there is no need to 
distinguish the conditional distributions. Then, the 
overall averages, eqs. 19 and 20. can be used such 
that 

j=X-,3(R)-X,B 

j=h,e-~X-,P(R) (26) 

where 0 now has to be interpreted as the average 
number of bound molecules per enzyme. Then cne 
finds 

. . 
lmrc = fmtc = 

k,k,S, - km_ ,k-,P, 

k_,+k_z (27) 



This result can be compared to the coupiinp pro- 
poscj by Jonsson and Wennerstrom [4] 

,-AS(R)--%(R) (28) 

which espressediy neglects the bound state but 
gives the same result as eq. 27 if the local reaction 
rates k and k are interpreted as 

x =x-,/t 1 c *\,/A,) (29) 

i = x-,,/( 1 c X,/X,) 

in terms of our parameters. Thus. without satura- 
tion effects there is no fundamental di Xerence 
between the various coupling schemes for the sim- 
ple substrate-to-product reaction con-idered here. 
As discussed in section 6, this situation is drasti- 
cally changed when several substrates and/or 
products are involved_ 

As stressed above. the main problem with the 
microscopic diffusion coupling is the Iimited bind- 
ing capacity of the enzyme. For simplicity it has 
been assumed that it can bind only one molecule 
at a time. Thus. each time a molecule binds, the 
boundary condition at the enzyme surface for the 
diffusion of the remaining molecuIes (substrate 
and product) suddenly changes from an absorbing 
one like that of eq. 10 to a reflecting one such as 

While the enzyme is occupied the distributions of 
the remaining molecules will relax towards their 
bulk values_ SimiIarIy. when a molecuIe dissoci- 
ate:. there will be a sudden influx into the enzyme 
ngain_ It should be noted that the changing state 
of the enzyme cannot be expressed as a simple 
boundary condition. e.g.. using a weighted average 
of cqs. IO and 30 such that 4s;DR’(&/&),,, = 
k( 1 - 0)c( R) - X6 at the enzyme surface. If c(r) is 
to be an overal; average distribution (c = 3 or p 1. 
no such simple boundary condition can be made 
to agree with the subdivision into conditional aver- 
ages as required by eqs. 21-24. It is necessary to 
consider each state separately. 

us outline the methods and notations. All func- 
tions and parameters with subscript P for the 
product are the same as those with subscript S for 
thr: substrate if S and P are exchanged in the 
expressions. Ensemble averages - denoted by a 
bar over the symbol - will be calculated by the 
proper time integrals. Also, the conditional distri- 
butions can be calculated as ensemble averages, 
then taken over all states of either occupied or 
unoccupied enzymes. All quantities with subscript 
0 refer to the unoccupied state, and those with 
subscript I refer to the occupied one_ Because of 
the continued switching between the two states of 
the enzyme, it is convenient to describe the steady 
state as a weighted sum of the proper time in- 
tegrals over the lifetime of each state. This is not 
necessary. however, as the same results can be 
derived by considering the differential changes. 

The rationale for the calculations is as follows. 
The steady state implies that the probability B for 
the occupied state is constant and that the subdivi- 
sion into conditional distributions is weli defined. 
Also. the average distribrrtions at the time of a 
change of state - i.e., asso5ation or dissociation - 
must be well defined. Then, the time evolution 
unti1 the next change of thle state of the system is 
determined by the diffusion equation. This time 
evolution also determines the probability density 
per unit time for the change_ and consequently the 
average conditional distributions during the life- 
time of each state can be calculated as the integral 
over this probability density. Also. the average 
distributions at the time of a change of state are 
uniquely defined in this way. 

4. Irreversible case 

For simplicity and to demonstrate the princi- 
ples, let us first consider a steady-state system in 
the totally irreversible case where k_ , = Xs = k _? 
= X-, = 0. At time f = 0 pick out the subpopuiation 
of enzymes which have just bound a substrate. 
Assume that the substrate distribution around 
these enzymes is So(t) at time r = 0. Then at later 
times (but before any dissociation takes place) this 
distribution is 

Before going into the detailed calculations. let S,(T.I) =JR=4sr “GR( r.r’;r)S,( r’)dr’ (31) 



0. G. Berg. M. El~renberg/Microscopic dif/lrrion -reaction coupling 19 

where GR(r,r’;r) is the Green’s function solution 
of the diffusion equation satisfying the reflecting 
boundary condition. eq. 26. From these bound 
enzymes a product will dissociate with rate X,. 
Hence, the average substrate distriioution at the 
time of dissociation is 

s,(r) = h,L=d rexp( - X,r)s,(r.r) 

= Xp/OCdr’4zr’2~~( r.r’:h,,)S,,( r’) (32) 
R 

where GR( R.r’:A) is the Laplace transform of 
GR(r,r’;;r). Since dissociation follows an exponen- 
tial law, the average substrate distribution during 
the lifetime of the bound state is the same as the 
averge distribution at the moment of dissociation 
Thus, S,(r) from eq. 32 is the same as that used in 
the previo_us section (eq. 21). 

Now, S,(r) can be used as a starting distribu- 
tion for the substrate association. If product dis- 
sociation takes place at time t = 0, the substrate 
distribution at later times of the unoccupied state 
is 

S&T,f) =j--*4zr “G,A(~;~‘;f)S,(r’)dr’ (33) 

Here Gg(r,r’;r) is the Green’s function solution of 
the diffusion equation satisfying the absorbing 
boundary condition, eq. IO. with k = k, for the 
substrate. Similarly to eqs. 14-17, one finds the 
association flux I,(t) and the mean association 
time 7s 

Is(r) =s%(r)exp 
[ / 

- o’+s(Odr’ 1 
where 

(34) 

Qs(‘)=X-,s,(R.r)=4s;DR2(a5,/ar),_, (35) 

and 

rs = &=rxp[ - &( r*)dr’l dr (36) 

Consequently, the average substrate distribution 
S,(r) during the time of the unoccupied state is 

g,(r) = ; /o=exp[ - [+,( r’)dr;l so( r.r)dr (37) 

and the average substrate distribution at the time 

of association is 

&(‘)=&(‘)ex~[ -br(‘*)dr.] s,,(r.r)dl (38) 

Since the association is not properly exponential. 
S,(r) differs from S,(r)_ 3, is the same conditional 
average as used in eq. 21 while .S, is the starting 
distribution used in eqs. 31 and 32. Thus, the 
mathematical formulation is complete and the re- 
quired conditional distributions can in principle be 
determined_ 

We can alto check that it is consistent_ First. 
differentiation of eq. 32 gives 

- 
*+-$ $2 

( 1 
=A .E%~)-&(~)l (39) 

Similarly, from eq. 37 

Dr-‘$ r+ 
( 1 = -~[s,c+s,c~,1 (40) 

Note that the right-hand sides of these equations 
are different from zero; i.e., the conditional distri- 
butions are not steady-state solutions of the diffu- 
sion equation. From eq. 21. one obtains for the 
total everage steady-state distribution 

o~-L~(r2~)=~[(I+X,,)8_1][S_l(r)-S.(r)] (41) 
\ 

The right-hand side must be zero if s(r) is to have 
a steady-state - i.e., r-Independent - flux_ This 
requirement is fulfilled only if the probability for 
the bound state is 

A result which is consistent with the further re- 
quirement that the probability for the bound state 
be the ratio of the average occupation time, l/X,, 
and the average time fcr a cycle, 7s + l/X,. Fur- 
thermore, from eq. 24 the flux per enzyme in the 
irreversible case is 

j=h,B= 1 
?s f 1/x, (43) 

which is simply the inverse of the cycling time. The 
same result. eq. 42, can be derived from eq. 23 
using eqs. 35 and 37. 

The .main problem with the solution of eqs. 
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3 1-38 is the awkward coupling from eq. 35 where 
the flux r& is defined from a boundary condition 
on sO( r. t ) which subsequently has to be integrated 
(eqs. 37 and 38). In principle, a sclution can be 
found iteratively: assume a distribution S,(r). 
calculate & and So(r) from eqs. 33, 35 and 38; 
then from eq. 32 a new S,(r) can be calculated 
and the procedure repeated until convergence. 
Fortunately. it appears that one iteration is suffi- 
cient in this case. These calculations have been 
carried out in appendix A. 

It is customary to plot the inverse of the flux as 
a function of the inverse of the substrate con- 
centraticn (Lineweaver-Burk plot). From the mac- 
roscopic scheme. eq. 2. we have in the irreversible 
case 

which should be compared with the result from the 
microscopic scheme, eq. 29 

(Note that k, =A, in this case where k, = 0.) 
Thus. the microscopic diffusion coupling differs 
by the term 

I _ 
J-,(1-WWS..) (46) 

from the macroscopic result. This is exactly what 
\ve calculated in appendix A (eq. A7). The dif- 
fcrence goes to zero for large substrate concentra- 
tions. The interesting part, however, is the linear 
region for lower concentrations where the ap- 
proximate integration of eq. A6 is entirely justi- 
fied. Here the relative difference is 

I - s,( R !/$. = I,[ I + ( D/k, R’)“‘] /(I +45sDR/k,) 

Since the maximum flux - or turnover number - 
is normally caiculated by a linear extrapolation of 
the line down to infinite concentration, the maxi- 
mum flux will also be overestimated by this amount 
(cf. fig. 1). Instead of the real maximum fluxjmnri 
= k2 = At, from the irreversible scheme, a linear 
extrapolation of the data to infinite concentration 

l/J 

%‘J,;_ 

l/j c’1 mcx 

Fig. 1. Linewever-Burk plots. Full line is the microscopic result 

from eq. 45: dashed line is the macroscopic result fran eq. 44. 

Units on the axes are arbitrary. 

gives an apparent maximum flux 

Jnp, -m=--. = k2So/&( R) = k, 
1 

I+ ( fc2RZ,L$ 1 (47) 

Consequently, we have shown that a proper 
microscopic diffusion coupling for the irreversible 
steady-state enzyme kinetics introduces deviations 
from the relations normally assumed. In particu- 
lar, the maximum flux will be overestimated with 
the usual assumptions of the Lineweaver-Burk plot. 
Of course, the issue is not what the curve j- ’ vs. 
.S;’ really looks like when the concentration ap- 
proaches infinity, since the diffusion equation will 
not remain valid in this limit. The point is that a 
linear extrapolation of the data to this limit does 
not give the true maximum flux. 

5. Reversible reactions 

5.1. Rer;ersible binding at equilibrium 

In order to give a proper treatment of the 
kinetic problem, we shal! first check that the for- 
malism to be used describes correctly the equi- 



lib&m state of a reversible partiahy diffusion- 
controlled process. Consider again a single spheri- 
cal enzyme which can bind one molecule of a 
species present at bulk concentration S,. At equi- 
librium the average concentration s(r) at distance 
r from the center of the enzyme must be homoge- 
neous. That is, with the same notations as in the 
previous sections, eq. 21 gives 

S(~)=s,-Sol:C)(l--)tS,(T)B (48) 

The average flux into the enzyme is zero, and from 
eq- 23 one obtains 

o=ksSO(R)(t-e)--X,e (49) 

At equilibrium, also the conditional distribu- 
tions s*(r) and S,(r) must be homogeneous and 
equal to the bulk concentration S,. We shah dem- 
onstrate that this is the case in our formalism. At 
t = 0, with an initial homogeneous concentration 
SO around the enzyme, there is a dissociation. Xt 
was shown previously [3] that the probability f+‘(t) 
that no molecule has reassociated before time I is 

t-1 

The factor 

:- ~~s(r’)dl’~~IQdS(f)/.~sSo (51) 

is the probability that the dissociated molecuIe has 
not reassociated, ano +z( t ) is the flux from eq. 14 
belonging to a homogeneous initia1 distribution. 
Thus, the factor exp[ - &$(r’)dt’] is the probabil- 
ity that no other molecule has associated. Since 
these two events are independent and mutually 
exclusive, the total probability TV must be given 
by the product of the respective probabilities as in 
eq. 50. The flux of molecules (a total of one) is 
given by 

I(r)= _*y (52) 

What is the average dist~bution SO(r) at the 
moment when a molecule has just been bound? 
Given that no moiecule has associated before time 
t, the initial homogeneous distribution has relaxed 
to the one f;om eq. 12 or equivalently 

where GQ is the Green’s function as in eq. 33. The 
dissociated molecule started just outside the 
boundary r = R at t = 0. At later times its distribu- 
tion is given by G.$‘(.y.R;t), However, under the 
condition that no molecule has associated at time t 
this distribution must be normalized such that the 
molecule remains in solution with probability one. 
Thus, 

os(r.r) = 
G.$(r,R;r j 

I- j),( r’)dr” 
= -j$T+R:*) 

s 

is the distribution of the dissociated molecule which 
satisfies 

~~%&s( r,r)dr = 1 

If the dissociated molecule reassociates at time 1, 
us(r,t) should not contribute at Iater times. The 
probability Rux for such a reassociation is 
vs( r )exp[ - ji#z( r’)dr’]. However, if another mole- 
cule associates instead, ua( r. t) will contribute fully 
at later times. The ~~robab~~~ty flux for the associa- 
tion of another molecule is +z(t)W( r)_ Thus, the 
average distribution right after a molecule has 
associated can be calctdated as the weighted sum 
from the two possibilities: 

S,(r) =~~d’rps(r)erp[ -/bo,(r’)drj s&r,~j 

+,~xd~~~(‘)w(r)[.r,(r,l)+o,(r.l)l 

_JBadl(-dW/drjS,~~~dr’4rrr”G:(r.r’:r) 

+Jd” dt+‘&)exp[ -@(t’)dt’l G,A(r,R:t) (55) 

After partiai integration over t and using the 
fundamental properties of the Green’s function 
one finds 

S,(r) =-Xl fW 

as expected. Similarly, one car. calculate the aver- 
age disrribution during the unoccupied state 

(571 

(58) 



One finds S,(r) = S,, as it should be. Also. the 
average distribution during the occupied state can 
be shown to be homogeneous, S,(r) = S,. Thus, 
our formalism is consistent with respect to the 
equilibrium situation. The main conclusion to be 
drawn from this is the importance tif giving the 
dissociated mclecule a separate treatment. One 
does nor get consistent result: by simply using a 
starting distribution S,(r) = & + 6(r - R)/4=R” 
right after a dissociation. 

Now we are ready to treat in detail the full 
reaction scheme (eq. 1) with the microscopic diffu- 
sion coupling as described in section 3. Consider 
the subpopulation of enzymes which are occupied_ 
According to the assumptions in sec:icn 3, these 
are surrounded by average distributions s,(r) and 
P,(r) of substrate and product, respectively. As- 
sume that there is a dissociation at time t = 0. Let 
us calf the total dissociation rate 

A,+-X,-h 

With probability X,/X it is a product dissociation_ 
and with probability X,/h it is a substrate dissoci- 
ation. Then the probability that no molecule - 
substrate or product - has associated after time I 
is 

X-p{ -~[Os(r’)+~p(r’)]dr’} (59) 

The flux +Jr) is that defined in eqs. 33 and 35. 
#r(r) is defined by analogous expressions for the 
product. The flux qs(r) is that defined by eq. 51 
and cpr, analogously for the product. Then in the 
same fashion as eqs. 55 and 57 we can calculate 
the average substrate distribution right after an 
association 

S,,(r) =I=( -dli;ldr)s,,(r.r)dr 
0 

+.+(r’)]dr }G&R:r)dr 

and the average substrate distribution during the 
open time 

&(+=$L= w( r)sg( r.r)dr 

X Gg(r.R;r)dr (61) 

sg( r, t ) is defined in eq. 33 and the average lifetime 
T of the unoccupied state is defined as in eq. 58, 

with W(r) from eq. 59. Analogous relations are 
found for PO(r) and F,(I-). 

The average distributions at the time of associa- 
tjon, S,(r) and .&,(r),can now be used to calculate 
S,(r) and p,(r) as in eq. 33 

s,(r) = X~Rm4r;r”5R( r,r’;A)S,( t’)dr’ 

F,(r) = A/--=4sr”~R( r.r’:h)&,( r’)dr’ (621 

Kate that only the total dissociation rate X = A, f- 
A, is relevant in these expressions. One can easily 
convince oneself that these average distributions 
are the same as the conditional ones given that a 
substrate - or product - dissociates. 

Thus, the mathematical formulation is complete 
and the solutions can in principle be found itera- 
tively (see appendix B). Similarly to the irreversi- 
ble case we can check the consistency. One finds 
that the total average distributions z(r) and p(r) 
defined from eqs. 21 and 22 do indeed have a 
steady-state - i.e., r-independent - flux if the 
binding probability is 

t B-t- 
I-5-& (63) 

This result can also be calculated from the 
boundary relations. eqs. 23 and 24, when it is 
realized from eq. 61 that the average lifetime +r of 
the_ unoccupied state satisfies T = [k,Fo( R) T 

k&*(R)]-‘. 

A common way of determining the maximum 
flux is to measure the ‘initial’ rate of reaction. i-e-, 
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the  s teady-s ta te  ra te  be fo re  the bu lk  c o n c e n t r a t i o n  
o f  p r o d u c t  has r eached  any  app rec i ab l e  level. Thus ,  
cons ide r  the l imi t  Po = 0. T h e n  the a s sumed  flux 
f r o m  the m a c r o s c o p i c  scheme,  eq. 2, is g iven  by  

1 [ i + k2_+_ ;c - , ]  (64) 
J=L=~ k,s; j 

and  the flux Jmic f rom the p r o p e r  d i f fus ion  cou-  
p l ing  is f rom eq. 25 

I [ S , ( R )  k 2 + k  , + k  , P , ( R ) ]  
J~i~ kz+k_2Pl(R)k So + - ~ "  "j 

(6"5) 

T h e  d i f fe rence  be tween  these two express ions  is 

= JmL -- Jmilc 

I I [I_S,(R)~ KpP,(R)..+. _.1 

(66) 

T h e  ca lcu la t ions  o f  the r equ i red  cond i t i ona l  
d i s t r ibu t ions  have  been  car r ied  ou t  in a p p e n d i x  B. 
T h e  re la t ive  e r ro r  in the inverse  flux. k2A f rom eq. 
B11, is a lways  smal le r  than  (1 + (D/XR2)"-}  - I and 
is the reby  s imi la r  to that  for  the to ta l ly  i r revers ib le  
p rocess  desc r ibed  in sec t ion  4. Howeve r ,  in the 
revers ib le  case this fac to r  is no t  suff ic ient  as cou ld  
be  expected ,  and  the o the r  m o l e c u l a r  pa r ame te r s  
mus t  also sat isfy r a the r  s t r ingent  cond i t i ons  in 
o r d e r  for the dev ia t ion  to be s ignif icant .  As  dis- 
cussed  br ief ly  in sec t ion  6, it is in fact  d i f f icul t  to 
assign phys ica l ly  r easonab le  values  which  still p ro-  
duce  a s ign i f ican t  dev ia t ion .  

Let  us a lso  cons ide r  the Br iggs -Ha ldane  kinet ics  
(cL ref. 10) when  the back- reac t ion  o f  the second  
s tep is negligible,  k_  2 = ko  = 0. T o  be t t e r  s imula te  
a to ta l ly  i r revers ib le  p r o d u c t  fo rma t ion ,  let us wri te  
this s cheme  as 

k I Ap 
E+S  ~ E b ~  E + P  (67) 

k-i 

where  the second  step is energy  dr iven.  T h e n  f rom 
eqs. B 7 - B 9 ,  the dev ia t ion  in the inverse  flux will 
be  

.a = es/Ap 
1 1 1 I (68) 

= A--p" I + ( D / A R Z ) ' .  - " l + X s / h p "  l + 4 v r D R / k s  

which  may  or  m a y  no t  be  negl ig ib le  d e p e n d i n g  or: 
the u n k n o w n  mic roscop i c  pa rame te r s .  Like in the 
to ta l ly  i r revers ib le  case, the d o m i n a n t  fac to r  ( i .e .  
the  smal les t  one)  is p r o b a b l y  1 / [ I  + ( D / A R 2 / / 2 ] .  

6. D i s c u s s i o n  

W e  have  car r ied  out  a de ta i l ed  desc r ip t ion  o1" 
m i c r o s c o p i c  flux ba l anc ing  in e n z y m a t i c  reaction::  
wh ich  is based  s t r ic t ly  on  the rules o f  p robab i l i t y  
t heo ry  and  the t h e o l y  o f  (par t ia l ly)  d i f fu s ion -con -  
t ro l led  processes .  O u r  ma in  result  is that  a p r o p e r  
mic roscop i c  t r e a t m e n t  leads to results  d i f fe r ing  
f rom wha t  is o b t a i n e d  when  the ra te  cons t an t s  in at 
m a c r o s c o p i c  s c h e m e  s imply  are  iden t i f ied  with the 
c o r r e s p o n d i n g  cons t an t s  o b t a i n e d  f rom the theor, ,  
o f  d i f fu s ion -con t ro l l ed  associa t ion .  Such an ident i -  
f ica t ion is not  a pr ior i  correct ,  s ince the mac ro -  
scop ic  ra te  cons t an t s  a re  de f ined  for i n d e p e n d e n t  
and  i r revers ib le  react ions .  S ta r t ing  f rom m o l e c u l a r  
pa rame te r s ,  we have  shown  how these m a c r o s c o p i c  
ra te  cons t an t s  never the less  can  be  used to descr ibe  
the s teady-s ta te  f lux for  revers ib le  enzymes .  T h e  
dev i a t i ons  be tween  the t rad i t iona l  a p p r o a c h  and  
o u r  results are  in m o s t  cases small .  However ,  when 
the  e n z y m e  is fast and  has an essent ia l ly  i r reversi-  
b le  p r o d u c t  release they b e c o m e  non-negl ig ib le .  

In eq. 25 it is seen that  the flux resul t ing f rom a 
p r o p e r  mic roscop i c  flux ba l anc ing  is s o m e w h a t  
la rger  than  that  n o r m a l l y  assumed,  eq. 2. T h e  
d i f f e rence  is d e t e r m i n e d  on ly  by the d e p a r t u r e  
f r o m  the bulk  valuea ( S  o and._Po) o f  the average  
c o n c e n t r a t i o n s  ( S . ( R )  and  P~(R))  a r o u n d  the 
o c c u p i e d  enzyme.  W h e n  the o c c u p a t i o n  t ime  of  
the e n z y m e  is very short ,  these c o n c e n t r a t i o n s  will 
no t  have  t ime  to relax via  d i f fus ion  to their  bulk  
values.  T h e  d i f fus ion - re l axa t ion  t ime is approx .  
R 2 / D  and the o c c u p a t i o n  t ime is de f ined  as l / X ,  
which  accoun t s  for  the r e q u i r e m e n t  D / X R  2 < I as 
the ma jo r  d e t e r m i n i n g  fac to r  for  a non-neg l ig ib l e  
in f luence  o f  the expl ic i t  d i f fus ion  coupl ing .  

As  an example ,  cons ide r  a case  where  in eqs. 
B10 and  B11, D / R  2 =  10 s s - i  As = 8 x 107 s - i  
h o = 2 x  107 s - I ,  and  k / 4 ~ r D R = O . l .  H e r e  o n e  
f inds  that  the re la t ive  dev ia t ion  be tween  the two  
a p p r o a c h e s  is k2A = e =  0.48. Th is  d i f f e r ence  is 
no t  negl ig ible  and  wou ld  in a L i n e w e a v e r - B u r k  
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plot lead to an overestimate of the turnover num- 
ber by a factor of two. For this particular scheme, 
the real turnover number would be k, = X,/l. 1 = 
2x 107 s-1. while the estimated one would be 
4 x 10's_' (cf. fig 1). The turnover number in this 
example was taken from catalase. one of the fastest 
enzymes known [IO]. The effects of the micro- 
scopic diffusion coupling on the steady-state prop- 
erties of enzymes will be confined by the moderate 
size as well as by the limited turnover of all known 
enzymes. 

Our explicit calculations cannot easily be ex- 
tended to more complex situations involving 
several substrates and/or products as well as 
several internal reaction steps. However, some 
general conclusions can be drawn also for such 
more complicated cases. If a more complex reac- 
tion scheme is analysed. one can easily derive the 
overall flux corresponding to eq. 25 expressed as a 
function of various conditional distributions_ 
However, in analogy to the simple reaction, the 
average cor.ditional distribution of a reactant in 
the neighbourhood of an occupied enzyme will be 
very close ?o its bulk value. and thereby the overall 
flux will be very close to that given by the corre- 
sponding macroscopic coupling. Thus, the satura- 
tion effects complicate the calculations in our ap- 
proach, but they also provide a rationale for the 
conclusion that the traditional macroscopic cou- 
pling is sufficient in all but the most extreme cases 
(e.g.. very fast and essentially irreversible reaction 
with a large diffusional cross-section R). 

This general result differs from that obtained 
by another approach to derive an explicit diffu- 
sion-reaction coupling for reversible enzymes. In 
the scheme of Jonsson and Wennerstrbm [4] which 
has been further developed by Chou and For&n 
[5]. the diffusion coupling is carried out with the 
stationary - i.e.. overall averages corresponding tc 
eqs. 19 and 20 - concentration distributions at the 
enzyme surface. Such a description can be correct 
only in the total absence of saturation effects. For 
the simple substrate-to-product reaction discussed 
above. such a coupling does not produce any 
significant deviations from the traditional macro- 
scopic scheme. at least not in the limit of un- 
saturated enzymes. For several substrates and/or 
products. however. the differences become 

dramatic_ As an example. let us consider a reaction 
with two products 

E+A=E,==E+B+C (69) 

which Jonsson and Wennerstrom [4] analysed in 
detail. Their crucial assumption is a diffusion-reac- 
tion coupling of the type 

j=&*(R)-i&(R)cC(R) (7@) 

where the c(R) terms are the local steady-state 
concentrations of the respective reactants at the 
enzyme surface_ This boundary condition is of 
course motivated by the law of mass action. which 
in its original form says that the speed of a chemi- 
cal reaction is proportional to the product of the 
bulk concentrations of the reactants. In spite of its 
simplicity, this motivation is deceptive. In fact, the 
calculations by Jonsson and Wennerstrom demon- 
strate that as a consequence of the local mass 
action assumption, the corresponding relation for 
the bulk concentrations is no longer valid. Al- 
though Chou and ForsCn [5] in their generalization 
of the same theory ignore this result, it is equiva- 
lent to the nonexistence of macroscopic rate con- 
stants for the scheme, eq. 69. 

This prediction differs drastically from the con- 
sequences of the traditional macroscopic treatment 
as well as from the results of the present one. It is 
therefore important to discuss the conditions un- 
der which the local mass action relation could be 
valid at the enzyme surface. First of all, such a 
relation is statistical and requires a sufficiently 
large number of molecules - i.e., significantly dif- 
ferent from 0 or 1 - at each enzyme. Otherwise the 
averaging procedure implied by eq. 70 would in 
fact correspond to cross-reacting single B and C 
molecules bound to different enzymes. Thus. the 
enzyme surface must ha-/e such a large affinity for 
all reactants involved that their local concentra- 
tions correspond to sufficiently large numbers of 
non-specifically bound molecules. These numbers 
wou!d then be proportional to the local concentra- 
tions just outside the enzyme which enter in the 
boundary condition, eq. 70. At the same time, 
however. these large numbers of bound ligands 
must not lead to saturation or exclusion effects 
either on the surface or - in particuiar - on the 
catalytic site. Thus. the local mass action assump- 



tion, eq. 70, requires for its validity an enzyme 
with a strong non-specific affinity for all reactants 
while binding to its catalytic site is not favourable 
for any one of them. In fact, the situation which is 
best described by this boundary condition is a 
spherical surface with homogeneous catalytic ac- 
tivity; this would then represerit a macroscopic 
surface rather than a molecular one. Thus. there 
would be serious problems both with overall ef- 
ficiency and specificity if enzymes functioned in a 
way that satisfied the local mass action relation. 
and there are of course no indications that they 
do. On the contrary, the capacity of an enzyme to 
hold specifically one of the reactants at the cata- 
lytic site until the other has arrived is probably a 
major rate-enhancing mechanism. 

In our approach, we have taken the other ex- 
treme and specifically considered the exclusion 
effects and their coupling to the diffusion field. 
The situation best described by our approach is 
when R is interpreted as a measure of the effective 
diffusional cross-section for binding to the cata- 
lytic site. In this interpretation, the influence from 
a non-spherical diffusion field around the enzyme 
is neglected, but the discussion of time scales 
above remains relevant. The cross-section R can 
approach molecular dimensions if substrates can 
bind non-specifically at the enzyme surface while 
remaining sufficiently free to diffuse along the 
surface into the catalytic site. Only for bulky sub- 
strates is one non-specifically bound molecule ex- 
pected to exclude all others so that the saturation 
effects are fully expressed for the whole surface. If 
such non-specific binding is important, however. 
surface association and transport to the catalytic 
site must be included as separate steps in the 
reaction scheme; this is beyond the scope of the 
present theory. 

The diffusional relaxation effects described 
above is a special example of how transients will 
be constantly reoccurring under steady-state con- 
ditions. In this case the influence on the interpre- 
tation of the phenomenological rate constants was 
small because the diffusional relaxation is fast on 
the time scale of the total reaction. The situation 
becomes different in other coupling schemes, e.g.. 
if substrates and products can bind non-specifi- 
cally to the enzyme and diffuse along the surface 

into the catalytic site. Then one has to consider the 
average numbers of surface-bound molecules con- 
ditional on whether or not the catalytic site is 
occupied. The conditional time averaging can be 
carried out in the same formalism as presented 
above; the steady-state result for the simple iso- 
merization (S to P) reaction (Berg, unpublished 
calculations) is in some cases strongly depemient 
on the reoccurring transients in the numbers of 
surface-bound molecules. Such effects may be of 
particular importance in the living cell where both 
compartmentalization and couplings between 
several different reactions must be considered. 

Appendis A 

A.I. Zrerarive solution; irreversible case 

To start with. assume a homogeneous distribu- 
tion S,(r) = S, at the moment of product dissocia- 
tion. Then one finds after partial integration of eq. 
38 

S.(r)=&--L@O~%.p[ -~~c”)d:*~ G&‘(R.r:r)dr (Al) 

where 

e;(t) = ksS~,,/Roo4r2G~( R.r;r)dr (A’) 

is the same flux as that given in eq. 14 belonging 
to the homogeneous initial distribution. The value 
at :he boundary- (r’ = R) of the Green’s funcri-Jn 
GQ( ;‘, r; I ) satisfying the partially absorbing 
bo:;ndary conditions, eq. 10, is [9] 

G$(R.r:r)=(1/4xRr){(zD1)-:ex&(r-R)*/4Dt] 

- ~,exp[ K;DI + tcS( r - R)] 

Xerfc[(r-R),(4D~):+r,(Dr)~]} (‘43) 

where 

IQ = (I + k,/4zDR)/R 

Now. S,(r) can be calculated anew from eq. 32. 
To determine the flux i =jmiC from eq. 25, it is 
sufficient to calculate the boundary value s,(R) 



which is 

%,( R)~~~/dCGR(R.r:XpjSO(r)4~~2dr (A4) 

where the LapIace-transformed Green’s function Is 
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I 
c?(R.r:&,)=- 

4,Dr ~~~w[--~(~--R)~ (As) 

with 

q=(A,/D)f 

Inserting eq. Al into eq. A4 and changing the 
order of integrations one finds 

X * cxpf Kf Dr )erfc( l+I)J 
L 

- &exp( y”Dr)erfc( q’Dr)’ 
s > 

(AS) 

In the exponential function, the transient part of 
the fIux c& contributes mainly for small 1 when the 
esponentiaI is approximately equal to one. If this 
transient is neglected, i.e., ~$2 = k,S,, = ksS,J( 1 + 
ks/4s;f3R). the integration can easily be carried 
out giving 

r_31\litr 1 1 
$. ii(D/h,R’)i 1+(&S,,&+ 

1 

Is(4cDR,k,)[ Ir(k,S.,R”/I))‘] 
(A3 

Note that the approximation does not imply a 
neglect of a11 transient effects: on the contrary. it 
is the transient suhstrate distribution which gives a 
non-zero integrand in eq- A& 

Appendix B 

Like in the irreversible case above. we shall be 
satisfied with one iteration_ ‘Thus. assume homoge- 
neots starting distributions s,(r) = S,, and P,(r) = 
I’,,. Then the expression. eq. 60, for SO(f) simplifies 

considerably, since the fluxes Qs and #or are re- 
placed by +g and +“p belonging to the homoge- 
neous initial distrioutions which are directly re- 
lated to the Ruxes qcr, and cpp from eq. 5 1. Then 
one finds 

S,(r)=&- 
X,k,S,- h&P, 13 

x ,, ~(r)G,“(r,R;r)dr 

F,(r)= P,+ 
h,k,S, - A,k,P” = 

h ,, 
W,O(t)G$(r.R:r)dr (Bl) 

The Green’s function G,” is of course the one 
belonging to the partially absorbing boundary 
condition for the product and is found from eq. 
A3 by replacing k, with k,. We have also defined 
the conditional reassociation probabilities 

&V;(r)=& =P{ -~[#~fr’)i~~;I(f’)!dl’} 

EXr) - ksS* -=rxp( -J:[~~(l’)~O”p(r’)]dl’} (B2) 

conditional on whether it is a substrate or product 
that has dissociated. Using eq. 62 and the expres- 
sions, eqs. A3 and A.5, for the respective Green’s 
functions one finds 

S,(R)=S, 
k,A,S* I-6, r 

---CL @‘if(f)fS(r)dr 4 ;iDR 

k&S, I-8, 
P,(R)=P,+------ 

/ 

r 
4wDX qR f 1 ,~ 

fVL(r)F,(r)dr 

f-fere we have defined 

(B3) 

(B4) 

F&l) - --&,x$3( i+r)erfc( kpt)” 

- 4_erpIq’Dr)erlc(qZg,)’ 

where 

gn(X,D): 

K~ BE (I + k,/kDR j/R = X-,/k, R 

~p~(l+-X-p/4~DR)/R=kp/X._2R 

Furthermore 

(85) 

(06) 
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is the product displacement from equilibrium [ 1 I]. 
We see that the expressions, eqs. B3 and B4, are 
consistent in that at equilibrium - when 6, = 1 - 
there is no departure from the bulk concentrations 
at the enzyme surface. 

Now, the expressions, eqs. B2-B5, can !;e used 
with eq. 26 to calculate the net flux jmiC per en- 
zyme. In the special case when the initial rate of 
reaction is studied (P, = 0), the difference between 
the macroscopic and microscopic flux couplings is 
given by eq. 66. Its magnitude is determined by 
the departures from the equilibrium distributions 
of substrate 

X exp - ,@a;( r’)dr’ Fs( r)dr 1 (B7) 

and of product 

- 
~~ = K,P,( R)/K,S,, = 

1 x-,x, k, 

I+(XR’,D)’ 
47PR k, 

~..p(~~Dr)erfc(r~Dr)’ 1 
F,(r)dt (B8) 

The required integrations can be carried out ap- 
proximately if 4rR3S,, -=z 1 (cf. eq. 18) and k,S, -=z 
X. These are not very restrictive conditions. The 
first one allows the approximation J&~(t’)dt’ = 
k,S,r in the exponential functions (cf. eq. 14); the 
transient contributes significantly only when t -C 
R2/D and then J&z(t’)dr’ -=x 4rR3S, -C 1. in 
which case the exponential function is constant 
( = 1). Together, the two conditions ensure that the 
transient parts of F,(t) and Fr.( t) will have relaxed 
before the exponential function J&@r’)dr’ differs 
appreciably from one. Thus. the main integral of 
eq. (B7) can be subdivided 

xexp( - k,S,,r) 
KS+ Y 
-& 4~( Dr)‘] -‘d, 

s 

where 6 is some short time such that k,S,J -K 1 
and K:D& KID& q’D6 X- 1. !n the last integral. 
the asymptotic expansion of exp(s’)erfc(x) has 
been introduced. All three integrals can be calcu- 
lated and expressed in standard functions. One 
dominant contribution comes from the first in- 
tegral which is [(k,S,,)i + K~(D)~]-‘[(~,S,,)~ + 

q(D):]-I = (qtcsD)-‘_ The last integral is negiigi- 
ble to first order in k,SJ, and the middle one 
gives approximately 

x-p 1 Kp I 
-.-.-. 

4=DR D KS-4 (,c:+,c;)(,$+q2) 

{ ~[“~l”(rrs/q)~q’I”(rs/rp) 

+~~ln(Kp/q)l-_(~s- (I)(KP-- q%/KP)) 

which to first order in (K~K~DS)-’ and (KURDS)-’ 

is independent of the choice of 6. Similarly, the 
required integral for :he product deviation (eq. B8) 
is recovered simply by exchange of subscripts S 
and P in the expressions above. 

The deviations es and sr, are zero in the ideal- 
ized limits of pure reaction control (k,.k,,X,,A, 
- 0 while the binding constants Kp = k,/A, and 
Ks = k,/X, are kept fixed) as well as pure diffu- 
sion control (k,.k,,X,,h, + co while k,/h, and 
X-,/X, are fixed). This is reasonable, since both 
limits correspond to local equilibrium at the en- 
zyme surface. For a numerical example let us 
consider the simpler case when the extent of diffu- 
sion control is the same for substrate and product. 
i.e., k,= k,= k and rcs= K~= K. Then the total 
deviation is 

k I 
E~E~+E~(I+K~S,,)=(~+X-S,,X)~---- 

qR+l 4zDR CxR)’ 

X 
k 1 ,+_.-. q/K ~- 

45;DR l-q/K ,+Cq,K)Z G.(f)dr 
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