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The theory of diffusion-controlled processes is applied to describe the steady state of a reversible enzymatic reaction with
special emphasis on the effects of enzyme saturation. A standard macroscopic steady-state treatment requires only that the
average diffusional influx of substrate equals the net reaction flux as well as the average diffusional efflux of product. In
contrast, the microscopic diffusion-reaction coupling used here takes properly into account the conditional concentration
distributions of substrate and product: Only when the enzyme is unoccupied will there be a diffusional association flux; when
the enzyme is occupied, the concentration distributions will relax towards their homogeneous bulk values. In this way the
relaxation effects of the non-steady state will be constantly reoccurring as the enzyme shifts between unoccupied and occupied
states. Thus, one is forced to describe the steady state as the weighted sum of properly time-averaged non-stationary
conditional distributions. The consequences of the theory for an appropriate assessment of the parameters obtained in
Lineweaver-Burk plots are discussed. In general, our results serve to justify the simpler macroscopic coupling scheme.
However, considerable deviations between the standard treatment and our analysis can occur for fast enzymes with an

essentially irreversible product release.

1. Introduction

In any enzymatic process, the diffusion of the
reactants to and from the enzyme must play an
integral part. It has been argued that the extent of
diffusion control for a reaction can be used as a
measure of the evolutionary perfection of the en-
zyme involved [1]. However, in spite of its impor-
tance, a strict treatment of the microscopic cou-
plings between the diffusion of reactants and ihe
reaction appears to be lacking even for simple
steady-state enzyme processes. It is our aim in this
communication to fill this void with the aid of the
theory of (partially) diffusion-controlled associa-
tion [2] and its consequences for the corresponding
dissociation reaction [3].

Most commonly, it is implicitly assumed that
the rate constants for substrate and product as-
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sociation in a reaction scheme can simply be iden-
tified with the corresponding estimates from the
theory of diffusion-controlled reactions. Since such
estimates are based on stationary diffusion fluxes
coupled to independent irreversible reactions, they
are not directly applicable to the steady-state de-
scription of an enzyme reaction where substrate
ancd product formations are intimately coupled.
The physical characteristics of the enzyme as an
absorbing sink — and thereby the boundary condi-
tions for the diffusion fluxes — are ever-changing
as the enzyme shifts between the occupied and
unoccupied states. The traditional macroscopic
treatment implies an instantaneous setting up of
the steady-state diffusion fluxes when the enzyme
becomes unoccupied as well as an instantaneous
relaxation to homogeneous (bulk) concentration
distributions when the enzyme is occupied. The
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microscopic coupling. on the other hand. will take
into account also how the diffusion fluxes change
when the enzyme changes its state. Effects which
in an irreversible association (or dissociation) reac-
tion only are transient will be continuously reoc-
curring for each substrate-to-product cycle of the
enzyme; each time a substrate (or product) associ-
ates the concentration distributions of all other
molecules will relax towards their bulk values, and
each time a substrate (or product) dissociates the
distributions will again approach those that corre-
spond to a steady-state influx.

Furthermore, the theory of diffusion-controlled
processes implies that a macroscopic dissociation
is preceded by a large number of very short-lived
microscopic disscciations, eacn of which just re-
turn to the bound state. The microscopic coupling
will take into account also the possibility that the
association reaction of one kind of molecule (e.g..
substrate) can interfere with these microscopic dis-
sociaticns of another (e.g.. product) by blocking
reassociation and thereby increasing its effective
dissociation rate from the enzyme. Thus, a proper
microscopic flux balancing over all the steps from
substrate diffusion via the reaction steps to prod-
uct diffusion requires the usage of conditional
distributions of substrate and product. conditional
on the state of the enzyme being occupied or not.
Although the ensemble average over these condi-
tional distributions must be a steady-state distri-
bution. they are not by themselves steady-state
solutions of the diffusion equation.

Thus, it is important to account in detail for the
time evolution. of tne conditional substrate and
product distributions around the enzymes and take
rigerous ensemble or time averages to derive the
steady-state distributions. To make the problem
tractable we shall confine the calculations to a
stmple two-step isomerization process

LY A5
S+E = E, = P+E (1)
Aoy h_s
where E, denotes the bound state of the enzyme
with a substrate (product) molecule complexed
with it.

In section 2 below we shall briefly review the
steady-state properties of the macroscopic reac-

tion, scheme 1. as well as the relevant paris of the
theory of diffusior-controlled processes. In section
3 the microscopic diffusion coupling is introduced,
explicitly taking into account the conditional dis-
tributions of substrate and product. These distri-
butions and their influence on the overall stzady-
state flux are calculated, first in section 4 for a
totally irreversible case (k_; =k_, =0). To give a
correct description of the reversible steady state,
section 5 starts with a development of the for-
malism for the equilibrium state of a reversible
partially diffusion-controlled process which is sub-
sequently applied to the steady state of the reversi-
ble reaction scheme 1. In general, our results serve
to justify a simple macroscopic diffusion coupling
in accordance with the traditional approach; the
differences are small under most circumstar.ces of
physical interest. However, effects of the explicit
diffusion coupling may become pronounced for
enzymes which are fast — i.e., with high turnover
number - and also characterized by an essentially
irreversible product release. Deviations from the
simple macroscopic coupling scheme are limited
by the rzatio of the diffusional relaxation tiine to
the occupation time of substrate (product) on the
enzyme. In general, this ratio is small because the
diffusional relaxation time (approx. R*/D where
R is the effective collision radius and D tae rela-
tive diffusion constant) is a small quantity evea for
macromolecular objects. and the occupation time
is related to the turnover time which is relatively
large for most enzymes. As discussed in section 6,
the prediction of a small effect from the proper
microscopic diffusion coupling can be extended
also to more complex reaction schemes involving
several substrates and /or products. Thus. in most
cases there is no need to go beyond an appropriate
identification of the rate constants in the mazcro-
scopic reaction scheme with estimates from the
theory of diffusion-controlled processes. This zon-
clusion. however, is in sharp contrast to the results
of some recent theoretical works [4,5]. In these
treatments of diffusion coupling for reversible en-
zymatic reactions in the steady state, the bcund
states of the enzyme have been neglected ané the
law of mass action is assumed to hold locally on
the enzyme surface.
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2. Macroscopic diffusion coupling
2.1. Sready-siate flux

Under the usual assumptions — i.e., fixed bulk
concentrations S, and P, of substrate and product
and a large excess of substrate over enzyme — the
steady-state substrate-to-product flux per enzyme
from the macrcscopic reaction (scheme 1) is (e.g.,
ref. 6)

. hikaSy—k_1k_1 P
Jmac = 3 ks + K, So + k_2Po @

This expression is based on the balancing of the
overall substrate flux from the usual chemical
kinetic equation

Jeae =K1 Sg(1—~8)—k_ 8

and the overall product flux
Jonae = K28 —k_ 3 Fo(1-8)

where

0 =[E,]/([El+[EL])

is the probability that the enzyme is occupied.

The diffusion effects can be introduced [7] by
identification of the association rate constants k,
and k_, with those given by the theory of (par-
tially) diffusion-controlled reactions [2]

ko= 47DgRg _ 47DR (3)
' Y +4mDgRg/kg 1+4wDR /kg
47DpR b
fom DpRp  4=DR @

1+4%DpRp/k, 1+4xDR/kp

where R and R are the reaction radii, Dg and Dy
the relative diffusion constants. and kg 2nd & the
surface reactivities for the substrate-enzyme and
product-enzyme association, respectively. For sim-
plicity, we shall assume Rg= Rp= R and Dg= D,
= D throughout the following. Then the dif-
ferences between the substrate and product associ-
ation appear only in the surface reactivities kg and
kp. When these are very large. kg. kp > 4aDR,
the usual Smoluchowski limits for the association
rates of an ideal sink are recovered. Similarly. one
finds [3] that the corresponding dissociation rate
constants can be expressed as
As

K\ =71 %k./4=DR

(5)

Ap

Kz =1¥%p/47DR

(6)
where Ag and A, are microscopic dissociation raie
constants related to the surface reactivities k4 and
kp through the equilibrium binding constants Kg
and Ky

Kg=ks/Asg=k/k_, (7)
Kp=kp/Ap=k_3/k; (8)

In the scheme considered, Kq/Kp =k ky/k_1k_»
is also the equilibrium constant for the substrate-
to-product conversion.

Thus., a macroscopic diffusion coupling would
consist of using the rate constants, egs. 3-6, in the
expression. eq. 2, for the overall steady-state flux.
and the nature of the molecular interactions would
enter through the microscopic rate constants Ag,
kp. Ag and Ap. However, the macroscopic rate
constants (eqs. 3—-6) are calculated from steady-
state solutions for irreversible association and dis-
sociation reactions, respectively. Thus, they de-
scribz the fluxes between the surface of the en-
zyme and the bulk solution a long distance away
from the enzyme without interference by the reac-
ticn and without regard to transient inhomogenei-
ties in the distribution of molecules around the
enzyme.

The surface reactivity & (kg or kp) is given by
the boundary condition for the diffusion equation
ai the enzyme surface (of eq. 10 below). Recently,
Razi-Naqvi et al. [8] discussed the relation be-
tween this parameter and the underlying micro-
scopic diffusion characteristics like the mean free
path, root-mean-square displacement and reaction
probability per microscopic encounter. Since these
parameters are largely inaccessible, the main con-
clusion to be drawvn is that the surface reactivity
well serves the purpose of a molecular characteris-
tic which is independent of the concentrations: i.e.,
in this case it is independent of how far the
enzymatic reaction is driven from equilibrium.
Furthermore, the factor (1 +47DR/k)™ "' can be
interpreted as the reaction probability per macro-
scopic encounter. More specifically. this factor
expresses the probability that a molecule which
has reached the enzyme surface will bind eventu-
ally ~ after an indeterminate number of micro-
scopic collisions. The limit & > 4%DR (or k, =
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47 DR) consequently serves as a practical defini-
tion of diffusion control.

This interpretation of diffusion control also im-
plies that a macroscopic dissociation (given by k_;
or k,) is preceded by a larze number of very
short-lived microscopic dissociations (given by Ag
or A,) which just return to the bound state. Thus,
when the coupled reaction is considered, the as-
sociation reaction of one kind of molecule (e.g.,
the substrate) can interfere with the microscopic
dissociations of the other (product) and in effect
‘catch’ the transient dissociatior. by blocking reas-
sociation.

2.2. Diffusion flux

In section 3 below we shall investigate the valid-
ity of the identifications. eqs. 3-6, for the flux, eq.
2. For later use, let us first briefly review their
derivation in a pure association process [2,3]. Con-
sider a single spherical molecule (the enzyme) with
an absorbing surface, reaction radius R. The dis-
tribution ¢(r,1} of particles (substrate or product)
at distance r from the center of the enzyme obeys
the diffusion equation

£€=Dr':—a—(r2—?§) (9

with the boundary condition at the enzyme surface
2dc
ke =4wDR ?r‘.r—R (10)

Here, D is the relative diffusion coefficient and k&
the surface reactivity (k = kg for substrate and
¢ = L, for product) which takes care of the case
whan not every diffusional encounter will lead to
binding: in the limit &k — cc the ideal absorbing
boundary condition ¢(R,) = 0 for the Smoluchow-
ski limit is recovered. If the distribution is homo-
geneous at time r =0

e(r0)=c, an

one finds the distribution at later times

( ) kc,, erfc r—R
c(ria)=c,—~ 7= - -
4wrD + kr/R (4D1)?

ol £+ () 8]

r—R +_k__(D1)§ \

X erfc T - (12)
@pnt e R
where we have defined
P 4=DR (13)

«= Txa=DR /k

(Actually, ¢(r,t} is the conditional distribution at
time 7 given that no association has taken place
before this time)) The flux ovar the absorbing
surface is from eq. 10

¢( 1) = ke(r,r)
2 e
—t k. =14 O B €08
”l‘“c“{l+47DRexP[(ku) Rl]erfc[ %, 7 }]
=kaco<l+

For times such that (Rz/frDt)g < 1 +47#DR/k,
the transient part contributes very little and the
flux is constant

(Rz/cozﬁ i
1+4=DR /k (14)

¢%(1) = koe, (13)

and k_ from eq. 13 is the effective (macroscopic)
association rate constant. In the case when the
enzyme can only bind one particle, there will be a
saturation factor and the real association flux per
enzyme is

1) =9 (Oyexp| — ['°(r)ar] (16)
[+
Thus, the mean time of association is

= Owrl(t)dr=j;xexp|: —j:(;o(t’)dr’] dr

1
k. c,

[ l»(w);:exp(:z)erfc(:)] (17)

where the approximation is the same as in eq. 14
and

1
(kyc,R?/D)*
1 +47DR /k

[

As long as z << 1, the mean time of association T
does not differ from that expected from the
steady-state approximation, eq. 15. Thus, the as-
sociation during the transient is negligible when
z < 1. In the diffusion-controlled case, k > 47 DR
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and k_, = 4=DR, this translates to

1
(4aR%, ) =1 (18)

a condition which will be satisfied except at the
very highest concentrations.

iffusion coupling

In the steady state there will be inhomogeneous
distributions of substrate and product molecules
around the enzymes. The distributions that belong
to the average steady-state flux j are

5(r)y=S,— j/anDr (19)
P(r)y=PF,+ jranDr (20)

.

nhvtnndv these distributions are snsemble aver-

ages over ail enzyme molecules. In the simple
reaction scheme, 2q. 1, the enzymes have two
states, occupied E, and unoccupied E. Assume
that the occupied state occurs with the probability
£ Then l-\u the cenaral rules of nrobability the

W 2 AANcRE N FmMe AR L yl\)uﬂulllt] lllD\lng

the average distributions, egs. 19 and 29, can be
subdivided

S(r)=5(r)(1~8)+5(r)6 (21)
Pl N =D LNV DNL D LD 7m9Y
£\ Rl AL W vz AR ANV A4 \ =)

where Sy(r) [Py(r)] is the conditional distribution
of substrate {product] given that the enzyme is
unoccupied, and 5,(r) [ P,(r)] the conditional dis-
tribution given that the enzyme is occupied. Of
course, these conditional distributions are also
averages over all occupied or vnoccupied enzymes.
respectively. This subdivision is extremely im-
portant, since the boundary conditions at the en-
zyme surface are strongly dependent on whother
or not the enzyme is occupied.

rurthermore, the fluxes have to be balanced at
the elementary reaction steps:

J=ksSo(R)(1—0)~ A58 (23)
F=Ap8 — kpPo{ RY(1—8) (24)

These relations have the same structure required

from probability theory as egs. 21 and 22; the

17
average forward flux of the first step is the weighted
sum of the conditional forward flux, kgS,i R),
given that the enzyme is unoccupied — probability
(1 — ¢) — and the conditional forward flux, —Ag,
given that the enzyme is occupied, and similarly
for the second step. When the microscopic rate
constants kg, £p. Ag and A, are replaced by their
corresponding macroscopic ones through egs. 3-6.
eqgs. 19-24 can be rearranged to give for the flux
J = Jmic

e ks S,—k_k_y P+ /i,k_z[so'pf,(f)— 25(R)]

k_y+hky+ESI(RY+A_,P(R)

k_,, k. k_-, — alrhough defmed for purc associa-
tion or dissociation ~ turn up as useful phenome-
nological rate constants for the steady-state re-
versible enzvme reaction as well. However. eq. 25

oivee the came Flity ne the marnrnccanis onnnling AfF
BIVEes 1NC 5ame LiuX as ne macroscopic coupiing Gi

eq. 2 only when P(R)=P, and S(R)=3S,. ie.
when the average surface concentrations around
the occupied enzyme are equal to the bulk con-
centrations; a requirement which can be strictly
fulfilled only at equilibrium when there is no net
flux. Consequently, we can expect the microscopic
diffusion coupling to introduce deviations if the
enzyme is fast and product release essentially irre-
versible. Under such conditions the surface con-
centration, which is very low at the moment of
association, will not have time to relax to its bulk
value during the processing time. We shall try to
quantify this effect in the following sections.
Without the saturation effect, the coupling
becomes much simpler since there is no need to
distinguish the conditional distributions. Then, the

overall averages. eas. 19 and 20, can he usad such
Qoverall averages, €gs. 1» anc can D useg sucn

that

J=ksS(R)—Agl
J=Apl— kpP(R) (26)

where 8 now has to be interpreted as the average
number of bound molz=cules per enzyme. Then cne
finds

L LS L L B
- o

KK z3g LY

A_y+k.,

@7

Jone = Jmae =
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This result can be compared to the coupiing pro-
posed by Jonsson and Wennerstrom [4]

J = AS{R)=«P(R) (28)

which expressedly neglects the bound state but
gives the same result as eq. 27 if the local reaction
rates k and k& are interpreted as

K= ks/(1+Ag/A,) (29)

‘:zkr’./(1+'\p/"\s)

in terms of our parameters. Thus. without satura-
tion effects thers is no fundamental difference
between the various coupling schemes for the sim-
ple substrate-to-product reaction cons<idered here.
As discussed in section 6. this situation is drasti-
cally changed when several substrates and/or
products are involved.

3.2, On-off nature of enzvme binding

As stressed above, the main problem with the
microscopic diffusion coupling is the limiied bind-
ing capacity of the enzyme. For simplicity it has
been assumed that it can bind only one molecule
at a time. Thus. each time a molecule binds, the
boundary condition at the enzyme surface for the
diffusion of the remaining molecules {substrate
and product) suddenly changes from an absorbing
one like that of eq. 10 to a reflecting one such as

de

ari,-r

=0 (30)

While the enzyme is occupied the distributions of
the remaining molecules will relax towards their
bulk values. Similarly. when a molecule dissoci-
ates. there will be a sudden influx into the enzyme
again. It should be noted that the changing state
of the enzyme cannot be expressed as a simple
boundary condition. e.g.. using a weighted average
of eys. 10 and 30 such that 4aDR™(dc/3r), .z =
k{1 — 8)c(R)— Ad at the enzyme surface. If «(r) is
to be an overali average distribution (¢ = § or P).
no such simple boundary condition can be made
to agree with the subdivision into conditional aver-
ages as required by eqgs. 21-24. It is necessary to
consider each state separately.

Before going into the detailed calculations, let

us ouiline the methods and noiations. All func-
tions and parameters with subscript P for the
product are the same as those with subscript S for
the substrate if 5 and P are cxchanged in the
expressions. Ensemble averages — denoted by a
bar over the symbol — will be calculated by the
proper time integrals. Also, the conditional distri-
butions can be calculated as ensemble averages,
then taken over all states of either occupied or
unoccupied enzymes. All quantities with subscript
O refer to the unoccupied state, and those with
subscript 1 refer to the occupied one. Because of
the continued switching between the two states of
the enzyme, it is convenient to describe the steady
state as a weighted sum of the proper time in-
tegrals over the lifetime of each state. This is not
necessary. however, as the same results can be
derived by considering the differential changes.

The rationale for the calculations is as follows.
The steady state implies that the probability # for
the occupied state is constant and that the subdivi-
sion into conditicnal distributions is well defined.
Also. the average distributions at the time of a
change of state — i.e., asso.:iation or dissociation —
must be well defined. Then, the time evolution
until the next change of th: state of the system is
determined by the diffusion equation. This time
evolution also determines the probability density
per unit time for the change. and consequently the
average conditional distributions during the life-
time of each state can be calculated as the integral
over this probability density. Also., the average
distributions at the time of a change of state are
uniquely defined in this way.

4. Irreversible case

For simplicity and to demonstrate the princi-
ples, let us first consider a steady-state system in
the totally irreversible case where k_, =Ag=5&k_,
= kp = 0. At time ¢ = 0 pick out the subpopulation
of enzymes which have just bound a substrate.
Assume that the substrate distribution around
these enzymes is Sy(r) at time ¢z = 0. Then at later
times (but before any dissociation takes place) this
distribution is

s,(r.1) =j:c4frr’:GR(r.r’:t)So(r')dr' [&3))
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where GR(r,r’;1) is the Green’s function solution
of the diffusion equation satisfying the reflecting
boundary condition, eq. 26. From these bound
enzymes a product will dissociate with rate A,.
Hence, the average substrate distribution at the
time of dissociation is

—_ = =]
S = A.,_[o drexp(— Apt)s,(r.1)
=Ap [ dramriGR(rr i) So( ) (32)
R

where GR(R.r’:\) is the Laplace transform of
GR(r,r;t). Since dissociation follows an exponen-
tial law, the average substrate distribution during
the lifetime of the bound state is the same as the
averge distribution at the moment of dissociation.
Thus, S,(r) from eq. 32 is the same as that used in
the previous section (eq. 21).

Now, S,(r) can be used as a starting distribu-
tion for the substrate association. If product dis-
sociation takes place at time ¢t = 0, the substrate
distribution at later times of the unoccupied state
1S

so(r,l)=j:c4':rr”G§‘(r;r’;t)gl(r')dr’ (23)

Here G{(r,r’;t) is the Green’s function solution of
the diffusion equation satisiying the absorbing
boundary condition, eq. 10, with k& = kg for the
substrate. Similarly to eqgs. 14-17, one finds the
association flux Ig(r) and the mean association
time 7y

I5(1) = ss(r)esp] — [los(erar] (34)
where

$s(1)=kgso( R.t)=4=DR*(3s50/3r), - n (35)
and

TS =/:cexp[ —fo'¢s(t’)d1'] dz (36)

Consequently, the average substrate distribution
So(r) during the time of the unoccupied state is

Se(r)= T—]S];mexp[ —fo’¢s(x')d:'] so(r.r)de (37)

and the average substrate distribution at the time

of association is
Su(r) =_/w¢s(')°xp[ _fl‘;’s(")d"] sor.1)ds (38)
o 0

Since the association is not properly exponential.
Sy(r) differs from Sp(r). S, is the same conditional
average as used in eq. 21 while S, is the starting
distribution used in eqgs. 31 and 32. Thus, the
mathematical formulation is complete and the re-
quired conditional distributions can in principle be
determined.
We can al<o check that it is consistent. First.
differentiation of eq. 32 gives
d

Dr ‘E(I’

.45, =
- d,.)=)‘f-[sl(’)_so(")] (39)

Similarlv, from eq. 37

. ds, <
D’_‘%('z dr0)= —%S[S-(r)—so(’)] (40)

Note that the right-hund sides of these equations
are different from zero; i.e., the conditional distri-
butions are not steady-state solutions of the diffu-
sion equation. From eq. 21, one obtains for the
total average steady-state distribution

Dr‘Z%(rZ%é)—_-Tls[(]+}\P-rs)9—l][§,(r)—$o(r)] (at)

\

The right-hand side must be zero if g‘(r) is to have
a steady-state — i.e., r-independent — flux. This
requirement is fulfilled only if the probability for
the bound state is

1 1/Ap

s ApTs = (42)

¢ s+ 1/An

A result which is consistent with the further re-
quirement that the probability for the bound state
be the ratio of the average occupation time, 1/A,
and the average time for a cycle, 75+ 1/A,. Fur-
thermore, from eq. 24 the flux per enzyme in the
irreversible case is

1

IEMITREN

(43)

which is simply the inverse of the cycling time. The
same result, eq. 42, can be derived from eq. 23
using egs. 35 and 37.

The .main problem with the solution of eqs.
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31-38 is the awkward coupling from eq. 35 where
the flux ¢ is defined from a boundary condition
on sy(r.t) which subsequently has to be integrated
{egs. 37 and 38). In principle, a selution can be
found iteratively: assume a distribution S(r).
calculate ¢g and Sy(r) from eqgs. 33, 35 and 38;
then from eq. 32 a new §,(r) can be calculated
and the procedure repeated until convergence.
Fortunately, it appears that one iteration is suffi-
cient in this case. These calculations have been
carried out in appendix A.

It is customary to plot the inverse of the flux as
a function of the inverse of the substrate con-
centraticn (Lineweaver-Burk plot). From the inac-
roscopic scheme. eq. 2. we have in the irreversible
case
st (49)
which should be compared with the result from the
microscopic scheme, eq. 29

(45)

(Note that A,=2A; in this case where kp=0.)
Thus, the microscopic diffusion coupling differs
by the term

- (1= 5(RY/S.) (46)

from the macroscopic result. This is exactly what
we calculated in appendix A (eq. A7). The dif-
ference goes to zero for large substrate concentra-
tions. The interesting part, however, is the linear
region for lower concentrations where the ap-
proximate integration of eq. A6 is entirely justi-
fied. Here the relative difference is

(- SuRy/S. =1/ 1 +(D/ks R /(1 +47DR /)

Since the maximum flux — or turnover number —
is normally caiculated by a linear extrapolation of
the line down to infinite concentration, the maxi-
mum flux will also be everestimated by this amount
(cf. fig. 1). Instead of the real maximum flux jm*
=k, =Ap from the irreversible scheme, a linear
extrapolation of the data to infinite concentration

1/

¢ Tax

Vige

1/Se

Fig. 1. Linewever-Burk plots. Full line is the microscopic result
from eq. 45; dashed line is the macroscopic result frem eq. 44.
Units on the axes are arbitrary.

gives an apparent maximum flux
j}ES"=kzsu/§x(R)=’\‘2[1+(k2R2/D)i] 47)

Consequently, we have shown that a proper
microscopic diffusion coupling for the irreversible
steady-state enzyme kinetics introduces deviations
from the relations normally assumed. In particu-
lar, the maximum flux will be overestimated with
the usual assumptions of the Lineweaver-Burk plot.
Of course, the issue is not what the curve j~! vs.
Sy ' really looks like when the concentration ap-
proaches infinity, since the diffusion equation will
not remain valid in this limit. The point is that a
linear extrapolation of the data io this limit does
not give the true maximum flux.

5. Reversible reactions
5.1. Reversible binding ar equilibrium
In order to give a proper treatment of the

kinetic problein, we shall first check that the for-
malism to be used describes correctly the equi-



O.G. Berg, M. Ehrenberg/Microscopic diffusion -reaction coupling 21

librium state of a reversible partially diffusion-
controlled process. Consider again a single spheri-
cal enzyme which can bind one molecule of a
species present at bulk concentration S,. At equi-
librium the average concentration S(r) at distance
r from the center of the enzyme must be homoge-
neous. That is, with the same notations as in the
previous sections, eq. 21 gives

() =85,=5{ )1 —8)Y+5,(r)8 (48)

The average flux into the enzyme is zero, and from
eq. 23 one obtains

O =kgSo(RY(1—6)—Ag8 (49)

At _equilibrium, also the conditional distribu-
tions Sy(r) and S5,(r) must be homogeneous and
equal to the bulk concentration S,. We shall dem-
onstrate that this is the case in our formalism. At
t =0, with an initial homogeneous concentration
S, around the enzyme, there is a dissociation. It
was shown previously [3] that the probability #/(z)
that no molecule has reassociated before time ¢ is

w(ey=[ 1= [los(rrar] o] - [acrar] (50)
The factor
P [lPs(e)dr = 4R(0) kS, D

is the probability that the dissociated molecule has
not reassociated, ana $§(r) is the flux from eq. 14
belonging to a homogeneous initial distribution.
Thus, the factor exp{— fj$2(z)dz’] is the probabil-
ity that no other molecule has associated. Since
these two events are independent and mutually
exclusive, the total probability W{r) must be given
by the product of the respective probabilities as in
eq. 50. The flux of molecules (a total of one) is
given by
=~ (52)
What is the average distribution Sy(r) at the
moment when a molecule has just been bound?
Given that no molecule has associated before time
z, the initial homogeneous distribution has relaxed
to the one from eq. 12 or equivalentiv

so{r.0) = S(,jl:ndfrr"(}é‘(r,r’:l)dr' (53)

where G2 is the Green’s function as in eq. 33. The
dissociated molecule started just outside the
boundary r= R at ¢ = 0. At later times its distribu-
tion is given by G&(~. R;t). However, under the
condition that no molecule has associated at time ¢
this distribution must be normalized such that the
molecule remains in solution with probability one.
Thus,

G&(r.R:1) kgS,
g r.2 )= =
s 1- [fos(ryar #8(0)
£+

G&{(r Rt} {54)

is the distribution of the dissociated molecule which
satisfies

=0
f dariag(r.t)dr=1
&

If the dissociated molecule reassociates at time 7,
og(r,t) should not contribute at later times. The
probability flux for such a reassociation is
@g(1)expl — f¢p2(2)ds’]. However, if another mole-
cule associates instead, os(r,7) will contribute fully
at later times. The probability flux for the associa-
tion of another molecule is ¢2(7)W/(7). Thus, the
average distribution right after a molecule has
associated can be calculated as the weighted sum
from the two possibilities:

-
So(")=f dlq:s(t)exp[ ——f’ég(:’)dx’] so{r.a}
[+ O
+Jl;”d:¢g(:)w(:){so( rt)+og(r.1)]
o o
=/ dl(-dW/dt)Sof Ardnr?GR(r.riit)
i R
o0 1
dra — R N3t A LR
+fo 1¢5(t)exp[ j(;#as(t)al](}s(r £y (55)
After partiai integration over ¢ and using the

fundamental properties of the Green’s function
one finds

So{r)=35, {56)

as expected. Similarly, one can calculate the aver-
age disiribution during the unoccupied state

- 1 o= .
S(r)= :j; A1) solr o)+ os(r.)] 7
where the mean oper: time 7 is defined as

rsf:’:(—dw,/dx)dzag"u/(:)d:al/ksso (58)
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One finds Sy(r}=S,. as it should be. Also, the
average distribution during the occupied state can
be shown to be homogeneous, S|(r)=5,. Thus,
our formalism is consistent with respect to the
equilibrium situation. The main conclusion to be
drawn from this is the importance of giving the
dissociated mecelecule a separate treatment. One
does noi get consistent result: by simply using a
starting distribution Sy(r)= 5, + 8(r — R)/4=R?
right after a dissociation.

5.2. Recersible steady-state enzyme kinetics

Now we are ready to treat in detail the full
reaction scheme (eq. 1) with the microscopic diffu-
ston coupling as described in section 3. Consider
the subpopulation of enzymes which are occupied.
According to the assumptions in secticn 3, these
are surrounded by average distributions S,(r) and
P(r) of substrate and product, respectively. As-
sume that there is a dissociation at time 7 = 0. Let
us call the total dissociation rate

Ap+Ag=2A

With probability A, /A it is a product dissociation.
and with probability Ay /A it is a substrate dissoci-
ation. Then the probability that no molecule —
substrate or product —~ has associated after time ¢
is

u'(z‘,:{%‘l[x f’qxp(t )dt]«l»-é—'[l—fws(( )d!]}

o

Xexp{ = [Tes()+sp()]ar} (59)
The flux &4(¢) is that defined in egs. 33 and 35.
op(r) is defined by analogous expressions for the
product. The flux @g(7) is that defined by eq. 51
and ¢, analogously for the product. Then in the
same fashion as eqgs. 55 and 57 we can calculate
the average substrate distribution right after an
association

”,(r)mfx(—-dli'/dx)s‘,(r.t)dr
¢}

+ 32 [Tlosto+ ee(nlew| - [Tos()

+ @p( 1) ]ds }Gg(r.n;:)d: (60)

and the average substrate distribution during the
open time

3(r) = —:.-j:cW(t)so(r.r)dl

A e,
+;}:“}‘§ exp{ ”_f;{‘?s(")""f’p(f')]d"}
X G§(r.R;1)dr (61)

so(r,r) is defined in eq. 33 and the average lifetime
7 of the unoccupied state is defined as in eq. 58,

Tzf:uf(x)d:

with W{(r)} from eq. _39. Analogous relations are
found for Py(r) and Py(r).

The average distributions at the time of associa-
tion, S4(r) and Fy(r),can now be used to calculate
S(r)and P {r)asineq. 33

g}(r) = A-/;a Amr 2GR r i A)Se( r)d

B(r)= xf:dw'zc“;*‘( rrt A Py Fyd et (62)

Note that only the total dissociation rate A = A g +
Ap is relevant in these =xpressions. One can easily
convince oneself that these average distributions
are the same as the conditional ones given that a
substrate — or product — dissociates.

Thus, the mathematical formulation is complete
and the solutions can in principle be found itera-
tively (ses appendix B). Similarly to the irreversi-
ble case we can check the consistency. One finds
that the total average distributions S(r) and P( r)
defined from eqgs. 21 and 22 do indeed have a
steady-state — ie., r-independent — flux if the
binding probability is

. (63)
1+ Ar

This result can also be calculated from the
boundary relations. eqs. 23 and 24, when it is
realized from eq. 61 that the average lifetime 7 of
the unoccupied state satisfies 7= [kpPy(R)~
kgSo(R)™

& =

5.3. Maximum flux

A common way of determining the maximum
flux is to measure the ‘initial’ rate of reaction. i.e..
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the steady-state rate before the bulk concentration
of product has reached any appreciable level. Thus.
consider the limit P, = 0. Then the assumed flux
from the macroscopic scheme, eq. 2, is given by

-1 _1- k_2+ "“—I
R (64
and the flux j_ .. from the proper diffusion cou-
pling is from eq. 25

G = i ‘SI(R)+k2+k—l+k—2ﬁl(R)]
T ky+k_2P(RY|L S k5,

o

(63)
The difference between these two expressians is
A = fmae = Jmic
1 L [I_E,(R)+KPF>,(R)
K2 1+ KuP{R) S K.S,

1+ K::Sn)]

(66)

The calculations of the required conditional
distributions have been carried out in appendix B.
The relative error in the inverse flux. k,A from eq.
B11, is always smaller than {1 + (D/AR?):}" "' and
is thereby similar to that for the totally irreversible
process described in section 4. However. in the
reversible case this factor is not sufficient as could
be expected, and the other molecular parameters
must also satisfy rather stringent conditions in
order for the deviation to be significant. As dis-
cussed briefly in section 6, it is in fact difficult to
assipgn physically reasonable values which still pro-
duce a significant deviation.

Let us also consider the Briggs-Haldane kinetics
(cf. ref. 10) when the back-reaction of the second
step is negligible, k_; = kp = 0. To better simulate
a totally irreversible product formation, let us write
this scheme as

kl Al’

E+S==E, = E+P (67)
k_,

where the second step is energy driven. Then from

egs. B7-B9, the deviation in the inverse flux will
be
A=eg/Ap

1 1 1 1

=, A+ Ao/ A N +4TDR kg
Ap l+(D/7\R‘)= s/ Ap kg

(68)

»
'.J

which may or may noti be negligible depending or:
the unknown microscopic parameters. Like in the
totally irreversible case, the dominant factor (i.e..
the smallest one) is probably 1/{1 + (D/AR2)Y 7]

6. Discussion

We have carried out a detailed description of
microscopic flux balancing in enzymatic reactions:
which is based strictly on the rules of probability
theory and the theory of (partially) diffusion-con-
trotled processes. Our main result is that a proper
microscopic treatment leads to results differing
from what is obtained when the rate constants in «
macroscopic scheme simp!ly are identified vith the
corresponding constants obtained from the theory
of diffusion-controlled association. Such an identi-
fication is not a priori correct, since the macro-
scopic rate constants are defined for independenl
and irreversible reactions. Starting from molecular
parameters, we have shown how these macroscopic
rate constants nevertheless can be used to describe
the steady-state flux for reversible enzymes. The
deviations between the traditional approach and
our results are in most cases small. However, when
the enzyme is fast and has an essentially irreversi-
ble product release they become non-negligible.

In eq. 25 it is seen that the flux resulting from a
proper microscopic flux balancing is somewhat
larger than that normally assumed. eq. Z. The
difference is determined only by the departure
from the bulk values (S, and P,) of the average
concentrations (g‘(R) and T’,(R)) around the
occupied enzyme. When the occupation time of
the enzyme is very shon, these concentrations will
not have time to relax via diffusion to their bulk
values. The diffusion-reiaxation time is approx.
R?/D and the cccupation time is defined as 1/A,
which accounts for the requirement D/AR? < | as
the major determining factor for a non-negligible
influence of the explicit diffusion coupling.

As an example, consider a case where in eqs.
B10 and Bll, D/R?>=10% s~ Ag=8x107 s~ %,
Ap=2%107 57!, and k/4#DR =0.1. Here one
finds that the relative deviation between the two
approaches is k,4 =& =0.48. This difference is

not negligible and would in a Lineweaver-Burk
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plot lead to an overestimate of the turnover num-
ber by a factor of two. For this particular scheme,
the real turnover number would be k, =Ap/1.1 =
2 x 107 s~', while the estimated one would be
4 % 107 s~ ! (cf. fig 1). The turnover number in this
example was taken from catalase, one of the fastest
enzymes known [10]. The effects of the micro-
scopic diffusion coupling on the steady-state prop-
erties of enzymes will be confined by the moderate
size as well as by the limited turnover of all known
enzymes.

Our explicit calculations cannot easily be ex-
tended to more complex situations involving
several substrates and/or products as well as
several Internal reaction steps. However, some
general conclusions can be drawn also for such
more complicated cases. If a more complex reac-
tion scheme is analysed. one can easily derive the
overall flux corresponding to eq. 25 expressed as a
function of various conditional distributions.
However, in analogy to the simple reaction, the
average cornditional distribution of a reactant in
the neighbourhood of an occupied enzyme will be
very close to its bulk value, and thereby the overall
flux will be very close to that given by the corre-
sponding macroscopic coupling. Thus, the satura-
tion effects complicate the calculations in our ap-
proach, but they also provide a rationale for the
conclusion that the traditional macroscopic cou-
pling is sufficient in all but the most extreme cases
(e.g.. very fast and essentially irreversible reaction
with a large diffusional cross-section R).

This general result differs from that obtained
by another approach to derive an explicit diffu-
sion-reaction coupling for reversible enzymes. In
the scheme of Jonsson and Wennerstrom [4] which
has been further developed by Chou and Forsén
[5]. the diffusion coupling is carried out with the
stationary - i.e.. overall averages corresponding tc
egs. 19 and 20 — coacentration distributions at the
enzyme surface. Such a description can be correct
only in the total absence of saturation effects. For
the simple subsirate-to-product reaction discussed
above. such a coupling does not produce any
significant deviations from the traditional macro-
scopic scheme, at least not in the limit of un-
saturated enzymes. For several substrates and/or
products, however, the differences become

dramatic. As an example, let us consider a reaction
with two products

E+A=E,=E+B+C (69)

which Jonsson and Wennerstrom [4] analysed in
detail. Their crucial assumption is a diffusion-reac-
tion coupling of the type

J=kea(R)—keg(R)cc(R) (70)

where the ¢(R) terms are the local steady-state
concentrations of the respective reactants at the
enzyme surface. This boundary condition is of
course motivated by the law of mass action. which
in its original form says that the speed of a chemi-
cal reaction is proportional to the product of the
bulk concentrations of the reactants. In spite of its
simplicity, this motivation is deceptive. In fact, the
calculations by Jonsson and Wennerstréom demon-
strate that as a consequeinice of the local mass
action assumption, the corresponding relation for
the bulk concentrations is no longer valid. Al-
though Chou and Forsén [5] in their generalization
of the same theory ignore this result, it is equiva-
lent to the nonexistence of macroscopic rate con-
stants for the scheme, eq. 69.

This prediction differs drastically from the con-
sequences of the traditional macroscopic treatment
as well as from the results of the present one. It is
therefore important to discuss the conditions un-
der which the local mass action relation could be
valid at the enzyme surface. First of all, such a
relation is statistical and requires a sufficiently
large number of molecules — i.e., significantly dif-
ferent from 0 or 1 — at each enzyme. Otherwise the
averaging procedure implied by eq. 70 would in
fact correspond to cross-reacting single B and C
molecules bound to different enzymes. Thus, the
enzyme surface must have such a large affinity for
all reactants involved that their local concentra-
tions correspond to sufficiently large numbers of
non-specifically bound molecules. These numbers
would then be proportional to the local concentra-
tions just outside the enzyme which enter in the
boundary condition, eq. 70. At the same time,
however, these large numbers of bound ligands
must not lead to saturation or exclusion effects
either on the surface or — in particuiar — on the
catalytic site. Thus. the local mass action assump-
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tion, eq. 70, requires for its validity an enzyme
with a strong non-specific affinity for all reactants
while binding to its catalytic site is not favourable
for any one of them. In fact, the situation which is
best described by this boundary condition is a
spherical surface with homogeneous catalytic ac-
tivity; this would then represent a macroscopic
surface rather than a molecular one. Thus, there
would be serious problems both with overall ef-
ficiency and specificity if enzymes functioned in a
way that satisfied the local mass action relation,
and there are of course no indications that they
do. On the contrary, the capacity of an enzyme to
hold specifically one of the reactants at the cata-
lytic site until the other has arrived is probably a
major rate-enhancing mechanism.

In our approach, we have taken the other ex-
treme and specifically considered the exclusion
effects and their coupling to the diffusion field.
The situation best described by our approach is
when R is interpreted as a measure of the effective
diffusional cross-section for binding to the cata-
Iytic site. In this interpretation, the influence from
a non-spherical diffusion field around the enzyme
is neglected, but the discussion of time scales
above remains relevant. The cross-section R can
approach molecular dimensions if substrates can
bind non-specifically at the enzyme surface while
remaining sufficiently free to diffuse along the
surface into the catalytic site. Only for bulky sub-
strates is one non-specifically bound molecule ex-
pected to exclude all others so that the saturation
effects are fully expressed for the whole surface. If
such non-specific binding is important, however,
surface association and transport to the catalytic
site must be included as separate steps in the
reaction scheme; this is beyond the scope of the
present theory.

The diffusional relaxation effects described
above is a special example of how transients will
be constantly reoccurring under steady-state con-
ditions. In this case the influence on the interpre-
tation of the phenomenological rate constants was
small because the diffusional relaxation is fast on
the time scale of the total reaction. The situation
becomes different in other coupling schemes, e.g.,
if substrates and products can bind non-specifi-
cally to the enzyme and diffuse along the surface

into the catalytic site. Then one has to consider the
average numbers of surface-bound molecules con-
ditional on whether or not the catalytic site is
occupied. The conditional time averaging can be
carried out in the same formalism as presented
above; the steady-state result for the simple iso-
merization (S to P) reaction (Berg, unpublished
calculatiors) is in some cascs strongly dependent
on the reoccurring transients in the numbers of
surface-bound molecules. Such effects may be of
particular importance in the living cell where bothn
compartmentalization and couplings between
several different reactions must be considered.

Appendix A
A.l. Iterative solution; irreversible case

To start with, assume a homogeneous distribu-
tion S,(r) = S, at the moment of product dissocia-

tion. Then one finds after partial integration of eq.
38

So(r) = So— ksSofmexp[ — ['2)del GR(R.rindr (AT
0 0 .
where
8u(r) = ks.ﬁ,fw4r.-:20§‘( R.rir)dr (A2)
R

is the same flux as that given in eq. 14 belonging
to the homogeneous initial distribution. The value
at the boundary (r’ = R) of the Green’s function
G&(#',r;t) satisfying the partially absorbing
bo::ndary conditions, eq. 10, is [9]

G&(R.rity = (1/4mRr){ (=D1)” texp| ~(r— R)?/4Di]
— kgexp[ x2Dr + kg(r— R)]
< erfc[(r— R)/(4D1)* + xs( Dr);] } (A3)

where
xg=(1+kg/4=DR)/R

Now, §,(r) can be calculated anew from eq. 32.
To determine the flux j=j.;. from eq. 25, it is
sufficient to calculate the boundary value S|(R)
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which is
—_— W, -
SH{R)= )\pr GR(R.rixp}So(r)dmridr (Ad)

where the Laplace-transformed Green’s function is
{91

~r R _r 1 _ _

G (R.r.}\p)~~——47Dr MqR+lexp[ q(r—R)} (AS)
with

q=(Ap/D)*

Inserting eq. Al into eq. A4 and changing the
order of integrations one finds

S(R) _ 1 kshp p= T iy
=73 “;R+x’4:,-DRf,, drexp, j;,"""(')d'

o>

‘s . :
x { x::— . exp( %3 Dr Jerfe( x2Dr )*

q
Kgt+ gq

exp{ gDt Yerfe( q:Dr);} (A6)

In the exponential function, the transient part of
the flux ¢} contributes mainly for small 7 when the
exponential is approximately equal to one. If this
transient i5 neglected, Le., ¢ = A, 8§, = ksS,/(1 +
ks/4=DR). the integration can easily be carried
out giving

SR _ 1 ) 1

o

i—

1 1
V4 {D/ApRYY 1+ (&S, /Ap)°
1

: ; (A7)
¥ +(4cDR/kS){ 1+ k,&,R"‘/D)’}

Note that the approximation does not imply a

neglect of all transient eifects: on the contrary. it

is the transient substrate distribution which gives a

non-zero integrand in eq. A6.

Appendix B
B.i. Iterative solucion: reversible case

Like in the irreversible case above, we shall be
satisfied with one iteration. Thus. assume homoge-

neous starting distributions $;(r)= S, and P,(r)=
P,,. Then the expression. eq. 60, for Sy(r) simplifies

considerably, since the fluxes ¢g and ¢, are re-
placed by ¢% and ¢% belonging to the homoge-
neous initial distributions which are directly re-
lated 1o the fluxes @g and ¢p from eq. 51. Then
one finds

Xpk —Agko P
.Lé_“gzxw_s_?_sfwwg(z)Gg‘(r.R;t)dt
{1

ApksS, ~ AskpP,
__E!t_!‘ﬁg.i._il‘?—o-l;wwg(x)cﬁ(r.R:t)dr(Bl)

SO(r)aso—
Py(ry=PFP,+

The Green’s function G} is of course the one
belonging to the partially absorbing boundary
condition for the product and is found from eq.
A3 by replacing kg with kp. We have also defined
the conditional reassociation probabilities

. % of o ¢ .
Wi = 2o gee{ = [To2()+ #3()]ar)

we(e) = gogexo{ - [ 1680+ $3() lar) (82)

conditional on whether it is a substrate or product
that has dissociated. Using eq. 62 and the expres-
sions, egs. A3 and AS, for the respective Green’s
functions one finds

ksApS, 1—8p r=

SURY=S,— 52 et [ WA Fe(ndr (B3)
- _ ksApS, 1—8p pee
P|(R)_—Po+-z-_-_—'_—5§--qR+lj; W2 (1) Fp(r)ds (B3)

Here we have defined

Ks

F(r)=

1
S exp( w3 D¢ Yerfc{xiDr)*

Ksg

T
L. qexp( q*Dr)erfe(g*Dr)*

Ks

- L
Fa(t)= K:i = exp{ x3 Dr)erfc(x3Dr)*

q

Kp— 4

exp{ g DrYerfc( g* Dt )? {B5)

where
1
g=(A/D)*
xg= {1+ kg/47=DRY/R=ks/k\R
sp= {1+ Kkp/4wDR)/R=kp/k_R

Furthermore

PRl W Y (26)
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is the product displacement from equilibrium [11].
We see that the expressions, eqs. B3 and B4, are
consistent in that at equilibrium — when =1 -
there is no departure from the bulk concentrations
at the enzyme surface.

Now, the expressions, eqs. B2—BS5, can '»e used
with eq. 26 to calculate the net flux j_ ;. per en-
zyme. In the special case when the initial rate of
reaction is studied ( P, = 0), the difference between
the macroscopic and microscopic flux couplings is
given by eq. 66. Its magnitude is determined by
the departures from the equilibrium distributions
of substrate

1 ksAp ko2
"Z=DR kyp

es=1-S,(R)/S,= ;
1+(AR?/D)?

Xf [ 4 DRexp(xth)erfc(u%Dl ]

% exp[ —fo’.s;(z')dx'] Fs(r)dr (B7)

and of product

1 CkpAs Ky
45DR "k

ep= KpP(R)/KsS, = .
1+ (ARY/D)?

= k N PN
xj; [l+ 47LS’R exp(ngt)erfc(ngr;‘]
(4
Xexp[ —f¢;(,')dt'] Fo()ds (BS)
o] -

The required integrations can be carried out ap-
proximately if 47R3S, < 1 (cf. eq. 18) and &, S, <
A. These are not very restrictive conditions. The
first one allows the approximation [j¢2(z")dz’ =
k,S,t in the exponential functions (cf. eq. 14); the
transient contributes significantly only when r <
R?/D and then [{¢3(z')dt’ << 4RSS, < 1, in
which case the exponential function is constant

= 1). Together, the two conditions ensure that the
transient parts of Fg(r) and Fp(r) will have relaxed
before the =xponential function fj¢2(r)d7’ differs
appreciably from one. Thus, the main integral of
€q. (B7) can be subdivided

ESS ke
./(; [1+4 DRexp(:cht)erfc(nchl)]

Xexp[ —j(;'¢‘s’(t')dt’:| Fs(1)de

=fmcxp(—l\ Wl ) Fs(rjde +
(

4 DR
.
x fo"exp(xs,o,)erfc(xgof)=rs<,)d,
k = -
3ooR Jy (700)

xexp( — k,Sut) S22 az( Dry]] g, (B9)
L

where 8 is some short time such that £,5,8 < 1
and k;D8. «2D8, ¢g2D8 > 1. In the last integral,
the asymptotic expansion of exp(x?)erfc(x) has
been introduced. All three integrals can be calcu-
lated and expressed in standard functions. One
dominant contribution cemes from the first in-
tegral which is [(k,S,)* + kg(D):]™ '[(k,S,)* +
q(D):]" ' = (grgD)~'. The last integral is negligi-
ble to first order in k,S,8. and the middle one
gives approximately

ke .l. xp 1
47DR D xks—gq (K§+x,2,)(x,2,+qz)

{%["g‘n("s/q)‘*‘qz'"("s/’l’)
+"§‘“("‘P/‘l)]—("s_ g)(xp — grs/xp))

which to first order in (kgxp D8) ™! and (xpgD8) !
is independent of the choice of §. Similarly, the
required integral for the product deviaticn (eq. B8)
is recovered simply by exchange of subscripts S
and P in the expressions above.

The deviations £ and g, are zero in the ideal-
ized limits of pure reaction control (kp,kg.Ag.Ap
— 0 while the binding constants Kp = kp/Ap and
Kg=kg/Ag are kept fixed) as well as pure diffu-
sion control (kp.kg,Ag,Ap — oo while kp /A, and
ks/Ag are fixed). This is reasonable, since both
limits correspond to local equilibrium at the en-
zyme surface. For a numerical example let us
consider the simpler case when the extent of diffu-
sion control is the same {or substrate and product.
ie, k¢=kp=k and k5= rkp=«. Then the total
deviation is

k i
e=sg+ep(l+ KgS,) = (1 + kS, /A)qR+I 47DR (<R)
RY?
k i q/x
X<+ - .
{ 4zDR 1—gq/x l+(q/K)2
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X[%ln(n/q)—%(l—q/x)z]} (B10)

which gives a relative error in the inverse flux from
eq. 66

&
ka3

T Y e /(1+ AJkS,) (BIT)
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